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ABSTRACT 
Size Scale Effects on Linear Weir Hydraulics 
by 
Kedric W. Curtis, Master of Science 
Utah State University, 2016 
 
Major Professor: Dr. Blake P. Tullis 
Department: Civil and Environmental Engineering 
 
Linear weirs are a common hydraulic structure that have been used for centuries 
with many different applications. One characteristic of weirs that is particularly useful is 
the head-discharge relationship where the discharge over the weir is directly related to the 
upstream water depth above the crest. In general, the head-discharge relationship for a 
weir is determined experimentally in laboratories using geometrically similar models. 
Due to space, time, money, and discharge capacity limitations at water laboratories, 
creating full scale models is not always a feasible option when determining head-
discharge relationships for large prototype weirs. It is typically more cost effective to 
create a scale model than to build a full scale model or conduct tests on the prototype. 
Because of this fact, physical modeling has been one the most important tools in 
determining head-discharge relationships for weirs.  However, as the physical size of the 
model decreases, size scale effects associated with surface tension and viscosity forces 
can significantly affect the results from the physical model and cause the results to differ 
from what would actually occur at the prototype scale.  Therefore, it is important to 
iv 
 
understand what affects surface tension and viscosity forces have on the head-discharge 
relationship for different size weirs and when those effects are no longer negligible. 
The purpose of this research was to evaluate size scale effects for linear weirs. 
Weirs models of three different crest shapes (flat-top, quarter-round, and half-round) 
were constructed and tested at four different geometrically similar sizes [weir heights (P) 
= 24-, 12-, 6-, and 3-in]. This was done in order to evaluate how size scale effects affect 
the head-discharge relationship as model size decreases for different crest shapes. 
Discharge coefficients were calculated for relative upstream head values ranging from 
0.01 ≤ Ht/P ≤ 2.0 for vented and non-vented conditions. Nappe aeration behavior was 
documented and compared to determine where differences in the nappe trajectory 
occurred as a result of scale effects. Comparisons were made with data from others 
researchers to determine if the recommendations for minimum head limits were similar to 
the results from this study. This study examined the errors in the discharge coefficient 
associated with size scale effects and suggested limits to avoidance depending on model 
scale and crest shape. 
(122 pages) 
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PUBLIC ABSTRACT 
 
Size Scale Effects on Linear Weir Hydraulics 
Kedric W. Curtis 
 
 Linear weirs are a type of hydraulic structure that have been used for centuries 
with many different applications. One of the characteristics of weirs that is particularly 
useful is the head-discharge relationship where the discharge over the weir is directly 
related to the upstream water depth above the crest. In general, the head-discharge 
relationship for a weir is determined experimentally using geometrically similar models. 
Due to space, time, money, and discharge capacity limitations at water laboratories, 
creating full scale models is not always a feasible option when determining head-
discharge relationships for weirs, resulting in the use of smaller scale models. However, 
as the model size decreases, the accuracy with which the model replicates the behavior of 
the prototype decreases. This disparity is caused by scale effects such as viscosity and 
surface tension, which prevent the model from behaving the same as the real world 
prototype. Over the years, researchers have developed rules of thumb or guidelines in the 
determining the size of a model in which scale effects can be avoided. These guidelines 
are often vague and based on previous experience.  
 The purpose of this research was to evaluate size scale effects for linear weirs to 
determine how size scale effects affect the head-discharge relationship for different 
vi 
 
model sizes and crest shapes. Physical models of 12 geometrically similar weirs were 
tested for three different crest shapes (flat-top, quarter-round, half-round) and weir model 
heights (24-, 12-, 6-, and 3-in). Head-discharge curves were developed for each model 
and compared to determine where variations existed between the different model heights. 
The profile of the flow over the weir or nappe profile was documented using digital 
photographs to determine if the behavior of the nappe varied for different model sizes. 
The results of this study will help modelers determine if the size of their linear weir 
model is sufficient to avoid scale effects. 
vii 
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INTRODUCTION 
 
 
Linear weirs are a type of hydraulic structure that have been used for centuries. 
The applications for linear weirs ranges from small scale irrigation structures to large 
scale dam spillways. Weirs have been used for flow measurement, flow control, grade 
control, diversion structure control, dam outlet structures, and many other applications in 
hydraulics. One of the characteristics of weirs that is particularly useful is the head-
discharge relationship where the discharge over the weir is directly related to the 
upstream water depth above the crest. In general, the head-discharge relationship for a 
weir is determined experimentally in laboratories using geometrically similar models. 
Due to space, time, money, and discharge capacity limitations at water research 
laboratories, creating full scale models is not always a feasible option when determining 
head-discharge relationships for weirs. This is particularly true for larger weirs used in 
spillway outlet works. It is more cost effective to create a reduced-scale model rather than 
build a full scale model or even evaluate design modifications on the actual prototype.  
With advances in technology, another option for determining head-discharge 
relationships for weirs, known as computational fluid dynamics (CFD) modeling, has 
become another cost effective means for modeling weirs. However, CFD modeling often 
requires data from physical models for calibration. Because of this fact, physical 
modeling remains one the most important tools in developing working designs for many 
of the hydraulic structures constructed over the years.  However, as the physical size of 
the model decreases, size scale effects can significantly affect the results, which become 
less representative of the prototype structure. As scale models for weirs are used in 
determining the head-discharge relationships, it is important to understand when size 
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scale effects associated with surface tension and viscosity forces are no longer negligible. 
Surface tension can be significant for weir flows in the low-head regime, particularly 
when small radii of curvature exist in the weir crest profile or nappe trajectory.  
As our supply of water becomes even scarcer, it is critical to be able to measure 
flows accurately, even small discharges. Low-head weir flow applications are relatively 
common in irrigation flow measurement (Zhang et al. 2015) and with non-linear weirs. 
Non-linear weirs such as piano key weirs (PKW) and labyrinth weirs are hydraulically 
very efficient at low heads (Pfister et al 2013), and it is therefore important to understand 
the discharge characteristics for low-head conditions. PKW and Labyrinths weirs can be 
approximated as linear weirs at low flows (Pfister et al 2013). Many researchers have 
proposed head limits or “rules of thumb” to avoid scale effects and are often based off of 
past experience (Maxwell and Weggel 1969). However, it is unclear whether these head 
limits are applicable to all size scales and crest shapes.  
The purpose of this research was to evaluate size scale effects for linear weirs. 
This was done by modeling several geometrically similar weirs with different crest 
shapes and size scales. The size scales used in this research ranged from Lr =1 to Lr = 8, 
where the length ratio (Lr) is equal to the prototype length (Lp) divided by the model 
length (Lm). This was done in order to evaluate how size scale effects affect the head-
discharge relationship as model size decreases for different weir crest shapes. 
This thesis includes a literature review of the research already done concerning 
size scale effects on weir hydraulics for the crest shapes illustrated in Figure 1. The 
objectives for this project are then presented including an explanation of the methods that 
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will be used to accomplish those objectives. The results and findings are then presented 
followed by the conclusions from this research. 
 
 
 
Figure 1. Weir Crest Shapes 
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LITERATURE REVIEW 
 
 
As mentioned previously, physical modeling of hydraulic structures is a common 
approach used to better understand how water will behave in regards to a structure, and 
what characteristics should be expected for different conditions.  Smaller models are very 
advantageous especially when space, time, and money are limited (Heller 2011). 
However, the smaller the scale model, the larger the potential for scale effects. It is 
therefore key to understand when scale effects become significant and how to avoid or 
correct for those effects. 
Froude (Fr), Reynolds (Re) and Weber (We) similitude; which correspond to 
gravity, viscosity, and surface tension forces, respectively, in relation to inertial forces; 
are all dimensionless parameters commonly utilized in water flow modeling. Froude 
similitude is most commonly used in open channel applications such as weirs. In order 
for the model results to provide an accurate representation of the prototype behavior, all 
force ratios (Froude, Reynolds, and Weber) would have to be satisfied simultaneously. 
However, it is only possible to satisfy one of these force ratios at a time if a common 
fluid (e.g., water) is used for the model and prototype. In most free-surface modeling, 
satisfying only Froude similitude is typically sufficient due to very limited influences of 
viscous and surface tension forces, making scale effects associated with viscosity and 
surface tension nearly negligible. However, for smaller Reynolds numbers (low 
turbulence), viscous effects can be significant; for smaller Weber numbers, surface 
tension can be significant. 
The following is a summary of research reviewed for sharp, flat-top, quarter-
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round, and half-round crested weirs. 
Sharp-Crested Weirs 
There is a lot of literature about sharp-crested (SC) weirs, and numerous 
equations for calculating the weir discharge coefficient, Cd, and the discharge over the 
weir for a given upstream head. Some of the published equations attempt to correct for 
surface tension and viscosity while others do not.  
Maxwell and Weggel (1969) did experiments on SC weirs by varying the fluid 
used to determine the effects of surface tension. They used a surfactant to vary the 
surface tension and tried to keep the viscosity constant to determine the extent of scale 
effects arising from surface tension alone. Maxwell and Weggel stated that the flow over 
a weir at any given head is an imperfect Froude model of the flow over that same weir at 
any other given head, with the imperfection due to scale effects (i.e., surface tension, 
viscosity, geometry, etc.). The results suggest that the smallest model that can be used 
should not be determined by surface tension, but by the accuracy in establishing the crest 
datum. 
In a discussion on E.J. Sarginson’s paper about the effects of surface tension on 
weir flow, Hall and Maxwell (1973) suggest that the inaccuracies or errors in 
measurement are enough to hide the effects arising from surface tension. Therefore, it is 
difficult to determine what effect surface tension has on weir flow.  
Ranga Raju and Asawa (1977) used the general weir equation and Rouse’s 
empirical equation for the discharge coefficient and added a coefficient to correct for 
surface tension and viscosity. Rouse defined the discharge coefficient as 
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𝐶𝑑𝑅𝐴 = 0.611 + 0.075
ℎ
𝑃
 
(1) 
where h is the upstream piezometric head over the weir and P is the height of the weir. 
The discharge over the weir for a given head is then given by 
𝑄 = (𝐶𝑑𝑅𝐴 ∙
2
3
∙ 𝐿√2𝑔 ∙ ℎ3/2)𝐾1 
(2) 
where L is the weir length, g is the gravitational constant, and K1 is a correction factor for 
viscosity and surface tension. Ranga Raju and Asawa (1977) determined that K1 is a 
function of the Reynolds and Weber numbers and is proportional to Re0.2We0.6. The result 
showed that for Re0.2We0.6 > 900, scale effects are negligible and K1 = 1.0. This 
corresponds to a head of 11 cm of water at 20° C. 
Swamee (1988) gave an overview of several empirical formulas used to calculate 
the discharge coefficient for sharp and broad-crested weirs. Swamee (1988) cited the 
Rehbock equation which is defined as:  
𝐶𝑑𝑆 = 0.611 + 0.075
ℎ
𝑃
+
0.36
ℎ√
𝜌𝑔
𝜎 − 1
 
(3) 
where h is the piezometric head over the weir, ρ is fluid density, and σ is the surface 
tension. If ℎ > ℎ∗ = √
𝜎
𝜌𝑔
+ 2.12 (
𝑃2𝜎
𝜌𝑔
)
1/4
 , then the last term can be neglected and 
surface tension effects are considered negligible.  
Swamee (1988) also referenced Kindsvater and Carter’s paper from 1957 that 
states the scale effects can be compensated for by decreasing the weir width by 0.0009 m 
while simultaneously increasing the weir head by 0.001 m. Swamee (1988) also provided 
a generalized discharge coefficient equation that is applicable for sharp-crested, narrow-
7 
 
 
crested, broad-crested, and long crested weirs. This generalized equation is defined as: 
𝐶𝑑 = 1.06 
(
 
 
(
14.14𝑃
8.15𝑃 + ℎ
)
10
+ (
ℎ
ℎ + 𝑃
)
15
+ 1834
(
 1 + 0.2(
ℎ
𝐿
5
+ 1500
ℎ
𝐿
13
1 + 1000
ℎ
𝐿
3 )
0.1
)
 
−10
)
 
 
−0.1
 (4) 
As the width of the crest becomes smaller, the h/L terms become larger and the third term 
can be neglected, which results in SC weir behavior. Swamee (1988) suggests that 
surface tension and viscosity are only of secondary importance.  
Johnson (1996) studied the scale effects for SC and FT weirs. Johnson (1996) 
noted three different nappe flow regimes for FT and SC weirs. The three different flows 
are clinging, leaping, and springing (See Figure 2). All three flows were observed for FT 
weirs but only clinging and springing flows were observed for SC weirs. Clinging flow is 
a non-aerated condition where the sheet of water flowing over the weir (also known as a 
nappe) clings to the downstream face of the weir. Johnson stated clinging flow was most 
common for low-head conditions.  Leaping flow occurs when the momentum of the flow 
is sufficient that it causes the nappe to leap from the trailing edge of the crest and an air 
cavity forms underneath the nappe. As the upstream head is increased, springing flow 
occurs when the nappe springs from the leading edge of the crest. Nappe aeration 
develops for both leaping and springing flows. Johnson (1996) stated that when springing 
flow occurs on FT weirs, the behavior is similar to the behavior of SC weirs. 
Johnson noted scale effects for SC weirs when the flow transitions from clinging 
to springing. The value of Ht/P (where Ht is the total upstream head over the weir) at 
which the nappe flow first springs decreases as the size of the weir increases. It would 
appear that surface tension prevents the flow in smaller models from springing until 
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higher relative heads (Ht/P).  In comparison with data from Ranga Raju and Asawa 
(1977) and others, the largest deviations were for values of Ht/P < 0.20. Johnson 
suggested a limiting Reynold’s number of 3,000 and a total head of 0.53-in (13.5 mm) to 
overcome the scale effects associated with sharp-crested weirs. 
 
 
Figure 2. Flow Regimes for flat-top crested weirs. 
 
Arvanaghi and Oskuei (2013) collected data for three different SC weirs and 
compared their results with numerical simulations. Their study used the general weir 
equation with discharge coefficient calculated using the empirical Rehbock equation [Eq. 
(2) minus the K1 term]. The results suggest that the discharge coefficient is constant (0.7) 
for conditions where h/P > 0.6, Fr > 0.2, and Re > 20,000. It is unclear whether the 
authors suggest that scale effects exist when those conditions are not met. 
Zhang et al. (2015) looked at head-discharge relationships for SC weirs for 
clinging flows. According to Zhang et al. (2015) the classical weir equation was 
developed for free-flow conditions and does not apply to the clinging-flow regime. Data 
were collected starting at low heads and increasing until the nappe was no longer clinging 
to the weir. Data were then collected starting at high heads and decreasing the flow until 
the nappe transitioned from free-flow back to clinging. This resulted in two critical head 
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values which the authors called the upper and lower critical heads. When the head is 
greater than the upper critical head, only free-flow conditions exist. For heads less than 
the lower critical head, only clinging flow conditions exist. When the head is between the 
upper and lower critical values, clinging or free-flow conditions can exist (hysteresis). 
The results showed that surface tension effects were greater for tall and narrow weirs 
resulting in larger upper critical head value. 
In the bi-stable zone or the zone in which either clinging or free-flow conditions 
can exist, clinging heads were transformed to the equivalent free-flow heads using a 
linear regression. Then the equation for free-flow head-discharge coefficient could be 
used. The equation used for the linear regression was 
ℎ𝑓𝑟𝑒𝑒 = 1.19 ∙ ℎ𝑐𝑙𝑖 + (−0.0008) (5) 
where hfree is the head for free flow conditions, hcli is the head for clinging conditions, and 
the units for the intercept (-0.0008) is meters. With the head transformed to a free-flow 
head, classical discharge coefficient equations can be used to determine Cd. Zhang et al. 
(2015) determined that the classical equation that best fit the experimental data were a 
form of the Rehbock equation defined as: 
𝐶𝑑𝑍 = 0.065 +
1
1000ℎ
+
ℎ
𝑃
 
(6) 
However, for clinging flow regime conditions the unit flow (m2/s) would have to be 
estimated using a proportional relationship defined as 
𝑞 = 𝑘ℎ2 (7) 
where k = 24.27. This relationship was used over the range of 0.002-m < h < 0.008-m. 
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Flat-Top Crested Weirs 
Swamee (1988) presented a generalized rectangular weir equation that is 
applicable to FT weirs as discussed previously [Eq. (4)]. Yet Swamee (1988) stated that 
the scale effects from surface tension and viscosity were only of secondary importance.  
Johnson (1996) tested several geometries of FT weirs with w/P ratios of 2.0, 1.0, 
0.5, and 0.25 [w is the weir thickness (distance between the upstream and downstream 
weir faces)]. For these experiments, Johnson suggested that the weir thickness is the more 
significant geometric variable as opposed to the weir height used by most other 
researchers. Therefore, the data on flat-topped weirs is presented in the form of Ht/w.  
Johnson suggested that viscosity is the most significant scale effect, and that 
surface tension will only become significant when small radii of curvature are present in 
the model. It was noted that as the size of the weir increased, the nappe transitioned from 
clinging to leaping at smaller values of Ht/w. Aside from this observation, no additional 
recommendations were made in regards to scale effect limits for the clinging flow 
regime. However, for the leaping flow regime, scale effects were observed when Ht/w < 
0.5. In order to avoid scale effects, Johnson suggested the minimum limiting heads and 
limiting Reynold’s numbers as shown in Table 1.  
 
Table 1. Scale Effects Limits for Leaping Flow for Flat-Top Crested Weirs 
Weir Geometry 
Minimum Head 
Inches (mm) 
Minimum Reynold’s Number 
w/P = 0.25 0.38 (9.7) 650 
w/P = 0.5 0.48 (12.2) 1,300 
w/P = 1.0 0.73 (18.5) 2,600 
w/P = 2.0 1.1 (27.9) 5,200 
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In comparison with leaping flow, the scale effects for springing flow are less 
significant, but the value of Ht/w at which the flow changes to springing should be noted 
to ensure proper modeling of the discharge coefficient. 
Zachoval et al. (2014) studied the head-discharge relationship for sharp-edged 
broad-crested weirs. From the results, Zachoval et al. (2014) suggested values for the 
discharge coefficient for two ranges of h/P. According to their results, CdZa =0.845 for 
0.20 ≤ h/P < 0.52 and CdZa = 0.038 ln (h/P) + 0.87 for 0.52 ≤ h/P < 7.0. This relationship 
is valid for the range of 0.12 ≤ h/w ≤ 0.30, where h/w is the relative thickness of the weir. 
The data suggest that there are no scale effects when h ≥ 0.06-m. The weirs tested by 
Zachoval et al. (2014) were short and wide with w/P ranging from 2.0 to 22.7.  
 
Quarter-Round Crested Weirs 
Very little information was found on the topic of QR weirs and scale effects 
associated with that crest shape. Crookston (2010) collected a large amount of data on 
quarter-round crests for labyrinth weirs and presented an equation for calculating Cd for 
linear QR weirs. Crookston defined the discharge coefficient as: 
𝐶𝑑𝐶 =
1
−2.3800 + 6.476(
𝐻𝑡
𝑃 ) +
1.3710
(
𝐻𝑡
𝑃 )
+ 0.5300 
(8) 
Data were collected for 0.05 ≤ Ht/P ≤ 0.9, but Crookston suggested that the CdC 
relationship can be used to estimated Ht/P values up to 2.0. 
 
Half-Round Crested Weirs 
Matthew (1991) derived an equation for one-dimensional potential flow in open 
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channels that was applied to calculating the discharge coefficient for flow over a circular-
crested or half-round crested weir. The effects of both surface tension and viscosity were 
included in this equation. Matthew defined the discharge coefficient as: 
𝐶𝑑𝑀 = 0.385(1 + 0.272
𝐻𝑡
𝑅
− 0.833
𝜎
𝜌𝑔𝑅2
𝑅
𝐻𝑡
− 1.382
𝜈
𝑔𝑅3
𝑅
𝐻𝑡
− 0.045(
𝐻𝑡
𝑅
)
2
) 
(9) 
where R is the crest radius and ν is the kinematic viscosity of the fluid. Matthew (1991) 
collected data for a weir with R = 25.4 mm and made a comparison with the results from 
Eq. 9. The results agreed well over the range of 0.2 ≤ Ht/R ≤ 1. 
Ramamurthy and Vo (1993) studied the effects of changing the upstream and 
downstream slopes of a circular-crested weir. They attempted to eliminate scale effects 
errors by limiting the data to a range of 0.05 m ≤ h ≤ 0.18 m. No other scale effect 
considerations were mentioned in the results of this study. 
Bagheri and Heidarpour (2010) did experiments on several different geometries 
for circular-crested weirs and determined discharge coefficients using an irrotational 
vortex. Bagheri and Heidarpour proposed the following equation to calculate the 
discharge coefficient: 
𝐶𝑑𝐵𝐻 = 2.326(
𝐻𝑡
𝑅
)
−0.644
 ln (
𝑅 + 0.7𝐻𝑡
𝑅
) 
(10) 
The results from Eq. 10 are a good approximation for Ht/R ≤ 2 with scale effects causing 
an abrupt decrease in CdBH for small Ht/R values. Bagheri and Heidarpour (2010) 
reference Sarginson as stating that the effects from surface tension can be neglected if the 
crest radius is larger than 25 mm and the head over the weir is larger than 30 mm. 
According to the authors, Eq. 10 should be limited to the range 0.58 ≤ Ht/R ≤ 2.0. 
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In response to Bagheri and Heidarpour’s (2010) paper, Castro-Orgaz (2012) 
proposes using the discharge coefficient equation presented by Matthew (1991), but 
modified it for two conditions termed weakly curved flows and higher-order curved 
flows. For weakly curved flows, Castro-Orgaz gave the equation 
𝐶𝑑𝐶𝑂 = (
2
3
)
3/2
[1 +
22
81
𝐻𝑡
𝑅
− 1.05 (
3
𝑔
)
1
4
𝜈
1
2𝑅−
3
4 (
𝑅
𝐻𝑡
) − 0.833 (
𝜎
𝛾𝑅2
) (
𝑅
𝐻𝑡
)] 
(11) 
where γ is the specific weight of the fluid. For higher-order curved flow the equation is 
the same with the addition of another term as shown below. 
𝐶𝑑𝐶𝑂 = (
2
3
)
3/2
[1 +
22
81
𝐻𝑡
𝑅
− 0.045 (
𝐻𝑡
𝑅
)
2
− 1.05 (
3
𝑔
)
1
4
𝜈
1
2𝑅−
3
4  (
𝑅
𝐻𝑡
)
− 0.833 (
𝜎
𝛾𝑅2
) (
𝑅
𝐻𝑡
)]   
(12) 
However, no Ht/R limit was given for when scale effects are no longer negligible. 
In addition to collecting data for QR weirs, Crookston (2010) did experiments 
with half-round crested labyrinth weirs. The equation for Cd is the same as the equation 
for QR weirs except the coefficients used in the equation are changed for the half-round 
case as shown below. 
 
𝐶𝑑𝐶 =
1
−8.60900 + 22.650(
𝐻𝑡
𝑃 ) +
1.8120
(
𝐻𝑡
𝑃 )
+ 0.6375 
(13) 
Once again, Crookston (2010) states this equation is valid for 0.05 ≤ Ht/P ≤ 0.9, but 
suggests it can be used for values of Ht/P ≤ 2.0. 
Schmocker et al. (2011) did a study similar to that done by Ramamurthry and Vo 
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(1993) and looked at the effects of the face angles on weir flow. However, Schmocker et 
al. (2011) presented more information on the scale effects in their study. The authors 
noted a reduction in the discharge coefficient for circular-crested weirs resulting from 
scale effects when the head over the weir was less than 50 mm. 
Pfister et al (2013) did numerical simulations for two scenarios of flow over 
cylindrically-crested weir. The first was the onset of flow where surface tension is 
significant, and the second was clinging flow where surface tension and viscosity both 
affect the discharge over the weir. Pfister et al. (2013) summarized minimum head values 
to avoid scale effects for several weir crest types found in literature. In general, the 
minimum head values range from 25 mm to 70 mm. From the numerical simulations, 
weirs with smaller crest radius required a larger relative head (H/R) to begin flowing 
water, while the larger radii required a smaller relative head. For clinging flow, the 
effects of surface tension and viscosity are greatest for small values of relative head but 
are significantly reduced for H/R > 2. Pfister et al. (2013) recommended a limiting head 
of H = 30 mm for crest radii in the range of 0.005 m ≤ R ≤ 0.3 m given that the ratio of 
the model discharge coefficient to the prototype coefficient (CdM/CdP) is 0.98. For 
CdM/CdP = 0.95, the head can be reduced to H = 0.015 m. It is also recommended that 
larger limiting heads be used when R< 0.005 m. Pfister et al. (2013) also stated that for 
clinging flow, the models tend to underestimate weir discharge. 
Castro-Orgaz and Hager (2014) derived an equation to compute the discharge 
coefficient for a HR weir that is very similar to the relationship by Matthew (1991) (see 
Eq. 9). The results showed only small deviations from the experimental and theoretical 
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data presented by Matthew for a weir with R = 25.4-mm. Castro-Orgaz and Hager (2014) 
stated that the theory they presented provides a good prediction for the effects of surface 
tension and viscosity.  
 
Research Objectives 
From the review of existing information in literature about weir size scale effects, 
it is clear that there are some inconsistencies and clarifications are needed to better 
predict when size scale effects are and are not negligible. Many authors give an all-
encompassing minimum head limit for size scale effects avoidance but it is unclear as to 
that head limit is applicable regardless of model scale. Therefore, the following 
objectives for this project were selected: 
1. Build laboratory-scale weirs with three different crest shapes (i.e. flat top, 
quarter-round, and half round) at four different size scales (Lr = 1, 2, 4, and 8). 
2. Determine head-discharge relationships for each of the weirs tested. 
3. Evaluate size scale effects for each size scale and crest shape. 
4. Fully document nappe behavior as a function of scale by accurately mapping 
the nappe profile for each model at similar Ht/P ratios, and comparing the 
Ht/P value where the nappe aerates in an effort to identify possible size scale 
effects. 
Physical models for sharp-crested weirs were initially going to be included in this 
study, but given the large amount of research on size scale effects for sharp-crested weirs, 
the decision was made to focus on FT, QR, and HR weirs.  
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EXPERIMENTAL FACILITIES AND SETUP 
 
Facilities 
In order to accomplish the objectives stated previously, the following methods 
were used in conducting this research at the Utah Water Research Laboratory (UWRL), 
at Utah State University located in Logan, Utah. The main facilities used for these 
experiments included a 4-ft wide by 48-ft long flume and a 3-ft wide by 24-ft long flume 
(Figure 3 and Figure 4, respectively). Table 2 shows the dimensions for each of the 
laboratory-scale models, identifies the flume in which they were tested, and the material 
that was used to construct each weir. 
 
 
Figure 3. 4-ft wide laboratory flume 
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Figure 4. 3-ft wide laboratory flume 
 
 
Table 2. Weirs to be tested. 
Scale Weir Dimensions Flume Crest Shapes Weir Material 
1 P=24 in, t=3 in  4-ft HR, QR, FT HDPE, Plywood 
2 P=12 in, t=1.5 in  4-ft HR, QR, FT HDPE, Acrylic, PVC 
4 P=6 in, t=0.75 in  3-ft HR, QR, FT HDPE 
8 P=3 in, t=0.375 in 3-ft HR, QR, FT Acrylic 
 
 
The 3-ft flume (approximately 3-ft x 2-ft x 25-ft) has parallel 2-, 4-, and 12-in 
water supply lines, all with calibrated orifice meters [traceable to the National Institute of 
Standards and Technology (NIST) by weight] that were used to measure the flow rate in 
the flume (Figure 5). There is also a rolling carriage with a point gage (readable to 
±0.0005-ft) to measure the weir crest elevation and upstream water elevation. In addition 
to point gage on the rolling carriage (Figure 6), there is also a stilling well equipped with 
a point gage hydraulically connected to the flume sidewall at a distance of 6Hmax 
upstream of the weir. This stilling well was used to measure the piezometric head over 
the weir (h) for each flow rate (Figure 7).  
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Figure 5. 3-ft wide flume supply lines with calibrated orifice plates 
 
 
 
Figure 6. Roller carriage with point gage on 3-ft wide flume 
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Figure 7. Stilling well equipped with point gage on 3-ft wide flume 
 
The 4-ft flume (approximately 4-ft x 3-ft x 48-ft) has 8- and 20-in parallel water 
supply lines with calibrated orifice meters [traceable to the National Institute of Standards 
and Technology (NIST) by weight] (Figure 8). For low flows, water was supplied 
through a separate 1-in line with a flow meter as shown in Figure 9. The 4-ft flume also 
has a rolling carriage with a point gage and two stilling wells with pressure taps located at 
a distance of 4 and 6Hmax upstream of the weir (Figure 10).  The differential pressures 
across the orifice meters (for both the 4-ft and 3-ft flumes) will be measured with a 
calibrated pressure transmitter and multi-meter (Figure 11).  
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Figure 8. Supply lines to 4-ft wide flume with calibrated orifice plates 
 
 
 
Figure 9. 1-in supply line with a flow meter 
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Figure 10. Two stilling wells equipped with point gages for the 4-ft wide flume 
 
 
 
Figure 11. Pressure Transducer, multimeter, and field communicator used to measure 
flow rates in the 3- and 4-ft flumes 
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Setup and Installation of Weirs 
The weirs were installed in the flumes as designated in Table 2. Figure 12 shows 
most of the models fabricated for this research. Each weir was leveled such that the crest 
elevation did not vary more than ±1/64-in. The leveling was done with an engineer’s 
level. Once the weirs were level and square to the flume, they were fastened to the acrylic 
sidewalls and floor of the laboratory flume with screws. A High performance sealant 
(NP1) was used to seal all of the edges and prevent any leaking around the weir. The 
sealant was allowed to cure for 24-hrs before any testing began. Drawings for physical 
models can be found in Appendix I.  For this study, the largest weir (i.e., 24-in tall by 3-
in wide) was selected as the prototype. As such, all the weirs were compared against the 
prototype in evaluating size scale effects. 
 
 
Figure 12. Physical weir models 
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TEST PROCEDURES 
 
 
Head-Discharge 
For each weir, a crest reference or datum was established for the point gage 
installed in the stilling well for upstream piezometric head measurements (h). Prior to 
establishing a crest datum for the point gage, water was allowed to run through the flume 
for a minimum of 30 minutes to allow the weir to “cool” and fully contract to prevent any 
errors resulting from the change in crest elevation. After the weir had cooled for 30 
minutes, the water was drained such that the elevation of the water upstream of the weir 
was below the crest. The point gage on the roller carriage was used to take an average 
height for the weir crest. The point gage was then used to collect several measurements of 
water surface elevation just upstream of the weir. The water level was also measured 
simultaneously with the point gage in the stilling well. The difference between the crest 
and the water level (as measured with the point gage on the roller carriage) was added to 
the elevation of the water in the stilling well to establish the elevation of the weir crest in 
the stilling well.  This process was repeated several times to insure accuracy. 
With the crest reference established, head and discharge values were recorded for 
relative head values ranging from 0.01 ≤ Ht/P ≤ 2.0, where possible, for each weir tested. 
For each data point, the flow rate was set using the appropriate supply line. The flow rate 
was measured using a transmitter that measures the differential pressure across an orifice 
plate in the supply line. A multimeter was used to record the milliamp output from the 
differential pressure transmitter. An average milliamp reading was recorded and used to 
calculate the flow rate. VBA macros were developed to calculate the flow rate along with 
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water properties for a given condition. The VBA code is included in Appendix II. The 
flow was allowed to stabilize for several minutes and then a head measurement was taken 
using the point gage in the stilling well. The head was measured again a few minutes later 
to check if the measurement had changed. If the measurement had changed, then the flow 
was allowed to stabilize even longer until there was no change in the head measurements. 
Using these data, a head-discharge curve (Cd vs Ht/P) was created for each weir. 
 
Nappe Behavior 
The nappe behavior was documented for similar flow conditions (common Ht/P 
values) for all of the different weir sizes to determine how surface tension and viscosity 
affect nappe behavior. Digital photographs were taken of the flow conditions and the 
nappe profile over each weir. The nappe profile was mapped using a 2 cm square grid 
pattern printed on transparent sheets attached to the acrylic sidewalls of the flumes. The 
photographs were then scaled in AutoCAD and the nappe profiles digitized. The 
photographs were also used to compare the qualitative air content in the nappe at 
different scales. 
 
Approach Flow Uniformity 
Baffling and floating wave suppressors were installed at the head box of the flume 
to ensure the approach flow was uniform (Figure 13). It was unclear if some of the scale 
effects would be the result of a non-uniform flow profile so in addition to baffling and 
wave suppressors, the weir was installed with a sufficiently long approach length. This 
was done expecting that flow would be fully developed or nearly so as it approached the 
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weir. The approach length for each weir height is shown in Table 3 in terms of the 
maximum head over the weir. It was assumed that a fully developed velocity profile 
upstream of the weir would not contribute to the scale effects observed. 
 
Table 3. Flume Approach Length 
Weir Model  Approximate Approach Length (Length/Hmax) 
P=24 in 30 
P=12 in 15.5 
P=6 in 15.33 
P=3 in 30.67 
 
 
 
Figure 13. Baffling and wave suppressor used to ensure uniform approach flow 
conditions. 
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RESULTS AND DISCUSSION 
 
 
Approximately 480 data points were collected with an average of 40 data points 
per weir. Data points were collected over the range of 0.01 ≤ Ht/P ≤ 2.0 for the two 
smaller weirs (P=3 and 6 in). For P=12 in, data were collected up to an Ht/P value 1.3. 
For the largest weir (P=24-in), the maximum Ht/P value collected was 0.45 due to 
limitations of the flume depth. A thorough presentation and discussion of the results is 
given starting with a summary of the uncertainty in the measurements, followed by the 
vented and non-vented behavior for all of the weirs tested. The scale effects for low-flow 
conditions are discussed followed by differences in nappe behavior due to scale effects. 
To conclude, the data collected in this experiment were compared to the results from 
previous studies.  
 
Uncertainty 
In order to determine the validity of the data points collected, an uncertainty 
analysis was performed. The analysis was adapted from the method described by Kline 
and McClintock (1953). The uncertainty analysis was performed on the weir discharge 
coefficient, Cd. The general weir equation was solved for Cd, giving 
 
(13) 
where the variables with uncertainty in their measurements are Q, L, and Ht. Using the 
second-power equation defined by Kline and McClintock (1953) and normalizing by Cd 
yields 
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(14) 
 
where w is the uncertainty interval for each variable. Differentiating equation 14 and 
simplifying gives the following result. 
 
 (15) 
 
This equation was used to calculate the percent uncertainty for each data point collected. 
A similar analysis was performed on the total head variable which is defined as 
𝐻𝑡 = ℎ +
𝑄2
2𝑔𝐴2
 (16) 
where the velocity head is in terms of Q where the cross sectional area of the flow (A) is 
upstream of the weir. From the second-power equation (Kline and McClintock 1953), the 
resulting uncertainty interval for the total head is defined as 
 (17) 
 
where wh is the uncertainty in the piezometric measurement (±0.0005-ft), wQ is the 
uncertainty in the flow measurement which was determined to be ±0.25% at the UWRL, 
and the uncertainty of the measurement of the flume cross sectional area is defined 
below. 
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 (18) 
 
The uncertainty in the length measurement wL = ±1/64-in and wP is the same as wh 
which is the readability of the point gage on the stilling well. The uncertainties were 
solved for equations 17 and 18 and then substituted back into equation 15 to determine 
the overall uncertainty for the discharge coefficient. 
The uncertainties for the entire dataset ranged from 0.26% to 6.29% as can be 
seen in Figure 14. The majority of the uncertainties (approximately 95%) are less than 
2.5%. The largest uncertainties were noticed for Ht/P values less than 0.1. This range 
corresponds to the lowest head values recorded. As was expected, there is very little 
uncertainty with the larger head measurements (i.e. Ht/P ≥ 0.4) with most of the 
uncertainties converging to 0.25% as Ht/P approaches a value of 2. 
The data were grouped by weir height and the uncertainties were analyzed for 
Ht/P intervals of 0.05 to determine where the measurement uncertainties were the largest. 
Figures 15, 16, 17, and 18 show the Cd vs Ht/P curves with the resulting uncertainty for 
each region of the curve. The bars along the top of the graphs represent the average 
uncertainty and the error bars show the maximum uncertainty value in that data range for 
all three crest shapes.  The trend shows the largest amount of uncertainty in Cd occurs for 
conditions where Ht/P ≤ 0.05. As the model size decreases, the average uncertainty 
increases from 1.41% (P = 24-in) to 3.41% (P = 3-in). As one would expect, the larger 
the model the less chance there is for error, however, regardless of scale it would be 
beneficial to avoid flow conditions where Ht/P ≤ 0.05 when greater certainty is required.  
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Figure 14. Uncertainty distribution for all data points. 
 
 
 
Figure 15. Average uncertainties for every 0.05 interval of Ht/P for all 24-in tall weirs. 
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Figure 16. Average uncertainties for every 0.05 interval of Ht /P for all 12-in tall weirs. 
 
 
 
Figure 17. Average uncertainties for every 0.05 interval of Ht /P for all 6-in tall weirs. 
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Figure 18. Average uncertainties for every 0.05 interval of Ht /P for all 3-in tall weirs. 
 
 
In general, the data shows there is more uncertainty for the weirs with a HR crest 
than the QR or flat-top crest. This can be attributed to the hydraulic efficiency of the HR 
crest shape. Uncertainty is only a function of the parameter measurements and is not 
dependent on crest shape. The reason the uncertainties in the low head region (Ht/P ≤ 
0.05) are slightly larger (See Table 4) for the HR weirs is because the amount of head 
required to pass a certain discharge is smaller in comparison with the amount of head 
needed to pass the same discharge on the QR or FT weirs. Since Ht is in the denominator 
of equation 15, as Ht decreases, the value of uncertainty increases. However, as the head 
increases, the uncertainty for all three crest shapes converges to 0.25%.   
Flow Regimes 
Different flow regimes were observed for each crest shape similar to those 
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mentioned by Johnson (1996). Clinging, leaping, and springing flows were observed for 
the FT weirs as illustrated previously in Figure 2 with the addition of a drowned 
condition for larger heads. The drowned condition occurs as the head over the weir 
increases and the air cavity under the nappe disappears. In some cases, aeration is still 
possible through venting (e.g., vent pipe in the sidewall). The drowned condition was 
observed for all three crest shapes and is illustrated in Figure 19 which shows the flow 
regimes specific to QR weirs. 
 
Table 4. Average Uncertainty for Different Weir Crest Shapes for Ht/P < 0.05 
Average Uncertainty - Ht/P < 0.05 
Average P=24 in P=12 in P=6 in P=3 in 
HR 1.30 2.92 3.52 3.41 
QR 1.74 1.79 2.03 2.30 
FT 1.29 1.74 1.79 2.08 
Combined 1.41 2.18 2.53 3.41 
 
The flow regimes observed for the QR weirs was very similar to that observed for 
FT weirs with the absence of the springing flow (Figure 19). The radius on the upstream 
face of the weirs provided a smoother path for the water to follow and as a result, 
springing flow (i.e., flow detachment from the upstream edge of the crest) did not occur 
for QR weirs.   
 
 
Figure 19. Flow regimes for quarter-round crested weirs. 
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The flow regimes for the HR weirs varied the most from what was observed for 
the other two crest shapes. Clinging and drowned flows were observed but the nappe 
behavior for aerated conditions differed somewhat. There is no clear transition point from 
leaping to springing for HR weirs but is a continual transition. Figure 20 shows the 
aerated flow regimes for HR weirs. Initially the nappe appears to leap from the 
downstream face (aerated 1) and as the head increases the point at which the nappe 
detaches from the weir moves closer to the apex of the weir. The highest point from 
which the nappe detaches resembles springing flow however the flow springs from the 
apex instead of the upstream edge of the weir. This behavior is a result of the radii on 
both the upstream and downstream faces provided a smoother path to follow. It was 
observed that the aerated flow regimes for HR were typically a result of venting and not 
self-aeration. The terms Aerated 1, Aerated 2, and Aerated 3 are simply used to convey 
the idea that the aerated flow regimes for HR weirs are a continual transition and do not 
mimic leaping and springing as seen for QR and FT weirs.  
 
 
Figure 20. Flow Regimes specific to half-round crested weirs. 
 
 
34 
 
 
Vented and Non-Vented Behavior 
For a majority of the data points, the nappe was non-vented. This was done 
intentionally to determine the natural tendency or natural behavior of each weir. Data 
were also collected under vented conditions; the vented and non-vented data were plotted 
separately for clarity. There are two regions where scale effects appear to be significant. 
The first is the low-head region (approximately Ht/P ≤ 0.1) and the region where the 
nappe tends to aerate naturally (approximately 0.2 ≤ Ht/P ≤ 0.6).  The regions change 
slightly for each crest shape but the overall trend seems to be the same. Curve fit 
equations were developed for each weir for both vented and non-vented conditions. The 
curve fit equations are included in Appendix III for reference. 
Ranges of Ht/P where size scale effects appeared to be less significant are 
discussed for each crest shape. These ranges are given as observations of where the data 
for all of the size scales appeared to converge most closely with the data collected for the 
24-in prototype and apply only to the weirs tested. Absolute values for limiting heads will 
be discussed in subsequent sections. 
Size scale effects for the FT weirs appear to be less significant when 0.1 ≤ Ht/P ≤ 
0.2 and Ht/P ≥ 0.6. Even for the smallest model, the discharge coefficients were very 
similar to the 24-in prototype over a majority of the range. Figure 21 illustrates the range 
over which size scale effects are less significant for FT weirs. Figures 22, 23, 24, and 25 
show the discharge coefficients for all four FT weirs for vented and non-vented nappe 
behavior. Leaping, and springing flows were observed for the two larger weirs, but for 
the two smaller weirs, only clinging and drowned flows were observed over the entire 
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range. This corresponds to the observations by Johnson (1996) that clinging ceases at 
smaller values of relative head as the size of the weir increases. Leaping flow first occurs 
at Ht/P = 0.06 for P=24-in and 0.076 for P=12-in. Springing flow occurs near Ht/P = 0.3 
for P=24- and 12-in, but springing doesn’t occur until later for P=6- and 3-in and only 
with artificial venting. The peak value for the discharge coefficient for P=6-in when 
vented correlates with the transition point from leaping flow to springing flow (Figure 
24). As the head over the weir increased, the momentum of the flow was sufficient to 
cause springing and creating a larger air cavity under the nappe. This is associated with 
the sudden drop in the vented data for P=6-in. For the two larger weirs, the flow 
progresses to a drowned nappe condition near Ht/P = 0.4 with fluctuations between 
springing and clinging up to that point. The non-vented discharge coefficient curves for 
P=6- and 3-in are well behaved (devoid of regions of nappe aeration fluctuations due to 
the lack of self-aeration) but the discharge coefficient curves for P=24- and 12-in have 
regions where the nappe fluctuates between aerated and non-aerated conditions. 
 Figure 26 shows all of the non-vented data for FT weirs on one graph and Figure 
27 show all the vented data for FT weirs on one graph. It is interesting to note in Figure 
26 that the natural behavior for P=24-in is an aerated condition. This results in the data 
points having smaller values for the discharge coefficient when compared with the other 
model sizes. This occurs when 0.2 ≤ Ht/P ≤ 0.4. However, as the upstream head over the 
weir increases, the nappe behavior for P=24-in returns to a non-aerated or drowned 
nappe condition. For the three smallest weirs there was not sufficient momentum to cause 
the nappe to aerate naturally. Additionally, some interesting behavior was noted in Figure 
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27 when Ht/P = 0.4. There is a peak in the curve for P=6- and 3-in, which is associated 
with the transition from leaping flow to springing. As the flow transitions to springing 
flow, there is a larger air cavity under the nappe which results in less efficient weir 
discharge. 
 
 
Figure 21. Cd vs Ht/P for non-vented, flat-top crested weirs with regions where scale 
effects are not significant. 
 
 
For the QR weirs, scale effects appear to be significant in the ranges of Ht/P ≤ 0.1 
and 0.2 ≤ Ht/P ≤ 0.9 and relatively insignificant for 0.1 ≤ Ht/P ≤ 0.2 and Ht/P ≥ 0.9 
(Figure 28). However, for the region of 0.1 ≤ Ht/P ≤ 0.2, the P=3-in discharge coefficient 
appears to be underestimated and most likely has scale effects associated with it unlike 
the FT weir. Figures 29, 30, 31, and 32 show the discharge coefficients for all four QR 
weirs for vented and non-vented behavior. Leaping flow was observed as the natural 
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behavior for QR weirs when 0.1 ≤ Ht/P ≤ 0.3 for P=24- and 12-in, whereas the self-
aeration for P=6-in occurred later (0.3 ≤ Ht/P ≤ 0.4) and does not fully aerate. The non-
vented behavior for P=3-in was clinging flow over the whole range of flows tested. So as 
the size of the weir decreases, the point at which flow transitions to leaping occurs at 
increasingly higher Ht/P values. Unlike FT weirs, springing flow never occurs for QR 
weirs due to the radius on the leading edge of the weir. Figures 33 and 34 show all of the 
non-vented and vented data on one graph respectively. 
 
 
Figure 22. Cd vs Ht/P for 24-in flat-top crested weir. 
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Figure 23. Cd vs Ht/P for 12-in flat-top crested weir. 
 
 
 
Figure 24. Cd vs Ht/P for 6-in flat-top crested weir. 
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Figure 25. Cd vs Ht/P for 3-in flat-top crested weir.  
 
 
 
Figure 26. Cd vs Ht/P for all non-vented flat-top weirs. 
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Figure 27. Cd vs Ht/P for all vented flat-top weirs. 
 
 
 
Figure 28. Cd vs Ht/P for quarter-round crested non-vented weirs with regions where 
scale effects are not significant. 
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Figure 29. Cd vs Ht/P for 24-in quarter-round crested weir. 
 
 
Figure 30. Cd vs Ht/P for 12-in quarter-round crested weir. 
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Figure 31. Cd vs Ht/P for 6-in quarter-round crested weir. 
 
 
 
Figure 32. Cd vs Ht/P for 3-in quarter-round crested weir. 
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Figure 33. Cd vs Ht/P for all non-vented quarter-round crested weirs. 
 
 
Figure 34. Cd vs Ht/P for all vented quarter-round crested weirs. 
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For the HR weirs, size scale effects appear to be significant in the ranges of Ht/P 
≤ 0.1 and 0.2 ≤ Ht/P ≤ 0.6 and relatively insignificant for 0.1 ≤ Ht/P ≤ 0.2 and Ht/P ≥ 0.9 
(Figure 35), which is similar to the FT weirs. However, the discharge coefficient for P=3-
in doesn’t converge with the data for the other weir heights until Ht/P=0.6 which 
suggests size scale effects are significant over a majority of the lower range for P=3-in. 
Figures 36, 37, 38, and 39 show the discharge coefficients for all four HR weirs 
for vented and non-vented behavior. Of all the crest shapes, HR weir nappe behavior is 
non-aerated (Clinging or drowned) over the majority of the range tested. Self-aeration 
only occurred for P=24-in when 0.1 ≤ Ht/P ≤ 0.15, then the behavior transitioned to 
drowned flow over the remainder of the curve. Clinging and drowned flow was observed 
for P=12-, 6-, and 3-in over the entire range and appeared to converge to Cd = 0.64 for 
higher heads. Figures 40 and 41 show all of the non-vented and vented data on one graph 
respectively. 
 
 
Figure 35. Cd vs Ht/P for half-round crested non-vented weirs with regions where scale 
effects are not significant. 
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Figure 36. Cd vs Ht/P for 24-in half-round crested weir. 
 
 
Figure 37. Cd vs Ht/P for 12-in half-round crested weir. 
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Figure 38. Cd vs Ht/P for 6-in half-round crested weir. 
 
 
 
Figure 39. Cd vs Ht/P for 3-in half-round crested weir. 
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Figure 40. Cd vs Ht/P for all non-vented half-round crested weirs. 
 
 
Figure 41. Cd vs Ht/P for all vented half-round crested weirs. 
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In addition to plotting the discharge coefficient against the relative head, Cd was 
plotted against the total head Ht in units of millimeters. The data points from P=12-, 6-, 
and 3-in were scaled up to P=24-in using Froude similitude for comparison. This was 
done to determine if the trend of the curve remains the same for dimensionless and semi-
dimensionless relationships. Figures 42, 43, and 44 show the Cd vs Ht curves for all three 
crest types. The trends in the curves are very similar and it would appear that by using a 
relative head value, one can get the same head-discharge relationship by scaling values 
from model to prototype scale. Based on this observation, it would appear that the 
dimensionless relationship of Ht/P is a good ratio to use in relation to the discharge 
coefficient. If the results for the semi-dimensionless relationship of Cd vs Ht yielded 
different results, then the use of P would not have been a good variable to use when 
describing Cd. 
 
 
Figure 42. Cd vs Ht for flat-top weirs (Ht has been scaled to match P=24-in). 
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Figure 43. Cd vs Ht for quarter-round crested weirs (Ht has been scaled to match P=24-
in). 
 
 
 
Figure 44. Cd vs Ht for half-round crested weirs (Ht has been scaled to match P=24-in). 
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Low-Head Size Scale Effects 
The largest variation in discharge coefficient was observed for the low-head 
region (Ht/P ≤ 0.2). The largest uncertainties also resulted from measurements in this 
region. This warrants the question of whether the discharge coefficient discrepancies are 
due to size scale effects or simply a byproduct of higher measurement uncertainties. If the 
latter is true, then discharge coefficients estimate for low heads should always be 
published along with uncertainty levels to hopefully avoid misapplication of the results.  
Vented and non-vented conditions were included in the analysis of low-head size 
scale effects. Clinging flow appeared to be the dominating flow observed for all of the 
HR weirs and for P=6- and 3-in for all weirs in the low-head region. Clinging and leaping 
nappes were observed for the QR and FT weirs in this region. For most of the weirs in the 
low head region, venting was either not possible (insufficient nappe flow momentum for 
creating a trajectory capable of weir detachment) or had little effect on the head-
discharge behavior for Ht/P < 2. For QR and FT weirs where the natural non-vented 
behavior was typically leaping flow, venting the nappe did not produce any appreciable 
difference in the discharge coefficient. However, venting did produce slight differences 
for some of the weirs and therefore a discussion on low-head size scale effects for vented 
conditions will be presented following the discussion of the non-vented size scale effects.  
Surface tension appeared to be the most significant size scale effect in the low-
head region. Figure 45 shows an example of what the flow looked like for the smallest 
head values tested from the P=3- and 12-in FT weirs. Surface tension would cause a bead 
a water to form across the top of the weir and the head over the weir would increase until 
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surface tension forces were overcome. This resulted in a slight increase followed by a 
slight decrease in the discharge coefficient for the FT weirs. This is clearly visible in 
Figure 46, which shows the Cd vs Ht/P for Ht/P ≤ 0.2. This behavior of steep increase in 
the discharge coefficient is most likely a result of surface tension causing non-uniform 
flow across the weir as seen in Figure 45. The point where the Cd data change from the 
steeper to milder slope most likely coincides with the sufficient upstream head to 
overcome the surface tension forces and improvement in weir flow uniformity. 
In comparison to the P=24-in prototype Cd data, as the size of the weir decreases, 
the greater the underestimation in Cd becomes. It can be seen that the results for P=24- 
and 12-in are fairly similar but there is significant variation in Cd between P=24- and 3-
in. It is probable that the surface tension is greater on P=3-in due to the smaller radii of 
curvature and thus requires more relative head to overcome the surface tension. For Ht/P 
≥ 0.14, the effects from surface tension appear to be less significant (approximately 2.5% 
variation from P=24-in). 
 
 
Figure 45. Overcoming surface tension [P=3-in (left) and 12-in (right) flat-top crested 
weirs]. 
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Figure 46. Low-head region of Cd vs Ht/P for non-vented flat-top crested weirs. 
 
 
The behavior of the QR weirs in the low-head region was similar to the results for 
the FT weirs with a few unexpected differences (see Figure 47). As was observed for the 
FT weirs, there is a region of rapidly increasing Cd values, at the lowest heads, followed 
by a break in slope resulting in a milder increase in Cd with increasing Ht/P. Once again, 
this appears to be the point at which the surface tension forces are overcome and the flow 
becomes more uniform over the weir. As expected, all of the smaller weirs underestimate 
the prototype, but as the head increases, both P=12- and 6-in overestimate the prototype 
at approximately Ht/P=0.018 and 0.065, respectively. This could be due to the large 
uncertainties for this region and repeated data points would be needed to verify if this 
truly is the case. The scale effects for the QR weirs persist to a larger Ht/P value, relative 
to the FT weirs.  
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Figure 47. Low-head region of Cd vs Ht/P for non-vented quarter-round crested weirs. 
 
 
The behavior for the HR weirs did not follow the same trends observed for the 
other two crest types. Figure 48 shows that P=12- initially overestimates the discharge 
coefficient but returns to expected trends at approximately Ht/P=0.05. Below Ht/P=0.01, 
there was difficulty in making accurate head measurements. The smallest model (P=3-in) 
underestimates the discharge coefficient over the entire range of the low-head region. 
P=3-in would not be a wise selection for modeling low-head applications due to the 
persisting size scale effects. P=24-, 12-, and 6-in all appear to yield consistent results for 
Ht/P ≥ 0.01, but recommended head limits are presented below where size scale effects 
appear to dissipate for each weir height in comparison with the 24-in tall prototype.   
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Figure 48. Low-head region of Cd vs Ht/P for non-vented half-round crested weirs. 
 
 
In order to determine when size scale effects are negligible, the data from each 
were compared with the data for P=24-in. Using the curve fit for the 24-in tall weirs, a 
percent error was calculated with the data points collected for each weir and the 
calculated value from the 24-in curve fit. When the percent difference first converged to 
within approximately 2-2.5% of the calculated value, it was assumed size scale effects 
were no longer significant. The point at which the data converged with the prototype was 
used to select the recommended head limit for each weir height. The head limits were 
geometrically scaled to be in terms of the 24-in tall weir. Therefore, the length ratio for 
P=24-, 12-, 6-, and 3-in is Lr=1, 2, 4, and 8 respectively. By scaling the head limits for 
each weir by the appropriate length ratio, the minimum head limits for size scale effects 
avoidance can be determined in model dimensions. The head limits for FT, QR, and HR 
weirs are all summarized in Table 5. Additional research is needed to determine if there 
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are size scale effects that would cause variations in Cd for P=24-in and a larger prototype 
weir. 
 
Table 5. Summary of Size Scale Effects Head Limits for Non-Vented Conditions 
  HR QR FT 
Weir 
Length 
Ratio Prototype Model Prototype Model Prototype Model 
Height Lr (mm) (mm) (mm) (mm) (mm) (mm) 
P=24-in 1 - - - - - - 
P=12-in 2 20 10 13 6.5 13 6.5 
P=6-in 4 51 12.8 61 15.3 26 6.4 
P=3-in 8 150* 18.8* 107 13.4 85 10.6 
*The data for P=3-in never converged within 2.5% for the data collected. This value is approx. 4.5%. 
 
 
As was mentioned previously, the largest uncertainties were observed for the low-
head region and it is possible that the discrepancies in the discharge coefficient in this 
region are due to the inaccuracies of measurement devices used in measuring such small 
heads. In order to determine if this was indeed the case, the discharge coefficient was 
plotted with error bars representing the uncertainty calculated for each point. If the data 
points from different height weirs fell within the range of the error bars, then the errors 
were most likely a result of measurement inaccuracies. However, the discrepancies in Cd 
did not fall within the range of the errors bars therefore it is assumed that the errors are 
indeed a result of size scale effects and not necessarily a result of measurement 
inaccuracies. Figures 49, 50, and 51 the Cd vs Ht/P curve for FT, QR, and HR weirs 
respectively with error bars for each data point in the low-head region. For many of the 
data points, the errors are small and there is no overlap in the data. It is interesting to note 
that for the large uncertainties calculated for the HR weirs for very small heads, there still 
is no overlap in the data.  
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Figure 49. Cd vs Ht/P with error bars for non-vented flat-top weirs. 
 
 
 
Figure 50. Cd vs Ht/P with error bars for non-vented quarter-round crested weirs. 
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Figure 51. Cd vs Ht/P with error bars for non-vented half-round crested weirs. 
 
 
The low-head limits for vented conditions were very similar to those shown for 
non-vented conditions, given that artificial aeration was not possible for most weirs when 
Ht/P ≤ 0.1. Therefore, the trends are very similar until the relative head increase to about 
0.2 where venting the nappe yields slightly different results. Table 6 shows the 
recommended minimum head limits to avoid size scale effects for the vented weirs tested. 
The head limits are shown in prototype and model dimensions. It is important to note that 
the head limits are given with regards to absolute weir heights and is not applicable based 
solely on length ratio. For example, the head limit suggested when modeling a 24-in tall 
weir with a 12-in tall weir (Lr = 2) is approximately 30-mm, however 30-mm would not 
be a suitable head limit to use when modeling a 6-in tall weir with a 3-in tall weir where 
Lr = 2 as well. It is important to understand that using head limits in terms of length ratios 
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may yield errors and it is wise to use some engineering judgment in determining if the 
head limits suggested herein are applicable when doing a model study.  
  
Table 6. Summary of Size Scale Effects Head Limits for Vented Conditions 
  HR QR FT 
Weir Length Ratio Prototype Model Prototype Model Prototype Model 
Height Lr (mm) (mm) (mm) (mm) (mm) (mm) 
P=24-in 1 -  - - - - - 
P=12-in 2 16 8 13 6.5 13 6.6 
P=6-in 4 51 12.8 61 15.3 26 6.4 
P=3-in 8 99 12.4 245 30.6 97 12.2 
 
 
The plots of Cd vs Ht/P for the low-head region have been included for vented 
conditions below (Figures 52, 53, and 54). The trends are very similar to those seen for 
non-vented conditions however the vented curves have a lower maximum value of Cd. 
The error bars were not included on these graphs given that vented had little effect on the 
low-head region therefore the uncertainty is the same as that shown on the non-vented 
curves.  
Nappe Aeration Scale Effects 
As was introduced previously, there appear to be scale effects when 0.2 ≤ Ht/P ≤ 
0.6 that cause the nappe aeration behavior to vary as the size of the weir decreases. This 
region has been termed the nappe aeration region by the author. The material presented in 
this section is for non-vented nappe conditions. Additional data are needed to make a 
complete comparison of nappe aeration behavior for vented conditions. Figures 55, 56, 
and 57 show digital photographs of the nappe profile for each weir tested at Ht/P=0.1, 
0.3, and 0.4. The profiles were digitized using AutoCAD to determine the differences in 
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nappe aeration behavior as a function of scale. 
 
 
Figure 52. Low-head region of Cd vs Ht/P for vented flat-top weirs. 
 
 
 
Figure 53. Low-head region of Cd vs Ht/P for vented quarter-round crested weirs. 
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Figure 54. Low-head region of Cd vs Ht/P for vented half-round crested weirs. 
 
 
Aerated flows occur on the larger weirs due to the fact that there is more air 
entrained in the flow and the larger momentum that allows the nappe to separate from the 
downstream face of the weir. In contrast, the smaller radii on the smaller weirs (i.e. P=6- 
and 3-in), experience greater surface tension effects and the momentum is insufficient to 
cause leaping or springing (nappe aeration) for the same Ht/P where aeration occurs on 
the larger weirs. It was also observed that there was less air entrained in the water for the 
smaller models which makes self-aeration more difficult. 
The nappe profiles for FT weirs scaled to P=24-in size (Figure 58) clearly show 
the effects of scale nappe aeration behavior with changing weir size. Leaping flow was 
observed for P=24- and 12-in at Ht/P=0.1, but because of surface tension, the profile for 
P=6- and 3-in remain clinging. As the relative head is increased, differences can be seen 
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between the nappe profiles of P=24- and 12-in. For both weirs, the flow is springing, 
however the air cavity on the underside of the nappe for P=12-in is much smaller and the 
nappe does not appear to spring free of the weir completely. As the relative head is 
increased even more, the nappe profile transitions to drowned flow because less air is 
entrained in the flow. However, the flow profile for P=24-in still exhibits springing flow. 
Also, self-aeration never occurs for P=6- and 3-in and clinging and drowned flow is 
predominant throughout. At Ht/P=0.4, the profiles for the three smallest weirs all yielded 
very similar results. Despite being similar, the nappe trajectories don’t appear to scale as 
precisely as hoped. The non-aerated nappe trajectories show the most similarity across 
the range of model size scales. However, the trajectories for P=24- and 12-in when 
Ht/P=0.1 match quite well. 
The nappe profiles for the QR weirs scaled to the P=24-in size (Figure 59) show 
very similar results to the FT with one interesting difference that wasn’t observed on 
either the FT or HR weirs. When Ht/P=0.1, the flow profiles show the same trend of 
leaping for P=24- and 12-in and clinging for P=6- and 3-in. When the relative head 
reaches 0.3, leaping for P=6-in first occurs. At Ht/P=0.4, all profiles other than P=6-in 
transition to a drowned condition. Instead of clinging and drowned flow prevailing over 
the entire range for P=6-in, leaping did occur but it occurred at larger relative heads than 
what was observed for the larger weirs (i.e., P=24- and 12-in). One might surmise similar 
results would be seen for P=3-in for QR weirs and P=6- and 3-in FT weirs given more air 
entrainment in the flow. The QR weir nappe trajectories appear to scale quite well for 
Ht/P=0.1 and Ht/P=0.4 for the non-aerated conditions. For aerated conditions, the nappe 
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trajectories are not geometrically similar with the exception of P=24- and 12-in when 
Ht/P=0.1. It would be interesting to see if the nappe trajectories would be more 
geometrically similar for vented conditions. Additional data would be needed that was 
not collected in this study.  
The trend for the flow profiles for HR weirs, scaled to the P=24-in size differs the 
most of all the crest shapes tested, where non-aerated flow was the prevailing flow type 
for all sizes over the entire range (Figure 60). Aeration does occur however for P=24-in 
when 0.1 ≤ Ht/P ≤ 0.2 but is not shown in Figure 60. The main difference is the variation 
in the tail water section of the profiles. This is due to the base added to the bottom of the 
smaller weirs for stability. This causes the tail water to appear deeper for P=12-, 6-, and 
3-in than what is shown for P=24-in. It is interesting to note that the HR weirs appear to 
have less variance in the flow profiles than any of the other crest shapes. It is probable 
that this is due to the radius on both the upstream and downstream faces of the weir that 
make clinging flow more prevalent. The nappe trajectories are the most geometrically 
similar resulting from the lack of aeration throughout. However, for Ht/P=0.4 the nappe 
trajectories do not scale as well. 
Despite the meticulousness applied to photographing and digitizing of the nappe 
profiles, there appeared to be some possible errors. One possible explanation for the 
difference in the profiles at different scales could be due to surface tension on the 
sidewalls downstream of the weir. Surface tension caused water to cling to the sidewalls, 
which would then distort the profile viewed from the side of the flume. The presence of 
and variations in the amount and location of sealant on the sidewall near the weir crest 
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may also have caused sidewall effects with respect to low-head nappe trajectories.  Other 
errors could have been due to the perspective angle when taking the digital photographs. 
Great care was taken to ensure the camera was square and level with the flume such that 
there would be no distortion in the photographs. However, some distortions were noticed 
is some of the photographs used to create the profiles. 
 
Comparison to Previous Studies 
The data collected were compared against the findings of several other studies in 
the hope of verifying the results of this work. The FT weir data were compared against 
the Johnson (1996) data.  Johnson (1996) proposed the general trend for FT weirs follows 
the curve where Cd = 0.48 for Ht/w ≤ 0.3 followed by a linear increase until Cd = 0.64 for 
Ht/w ≥ 1.8. Johnson (1996) suggested that FT weir discharge characteristics were 
influenced more by the weir thickness (w) than weir height and consequently defined an 
alternative relative upstream as Ht/w.  To facilitate comparisons, the Johnson (1996) data 
were converted to Ht/P and the FT data from the current study were converted to Ht/w.  
Though the Johnson (1996) weirs were of common heights, relative to the current study, 
it’s important to note that the weir thicknesses were double those of the current study.  
Figure 61 shows the comparison in terms of Ht/P. 
The data vary significantly from Johnson (1996) when compared with P as the 
significant variable. Errors of up to 20% can be seen when Ht/P is approximately 0.3.  
For a FT with of a given P, this suggests a strong w dependence for Cd. When the data are 
compared in terms of Ht/w, the dataset is very similar with a few differences (see Figure 
62). The data from this study fit Johnson’s data very well with some exceptions on the 
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low and high ends. For Ht/w ≤ 0.3 Johnson (1996) assumes a constant value for Cd while 
the data from this study suggests that Cd decreases linearly as Ht/w approaches zero. A 
constant value of Cd as Ht/w approaches zero is incorrect considering that it is impossible 
for water to flow over a weir when the upstream head is zero. Therefore, the data from 
this study better approximates FT weir behavior when Ht/w ≤ 0.3.  While on the high end 
Johnson’s proposed value for Cd is indicative of vented springing flow for Ht/w ≥ 2.0; the 
current study includes vented (springing) and non-vented (clinging or drowned nappe) for 
Ht/w ≥ 2.0. The vented data in that range for both studies correlate well given that 
Johnson’s (1996) prototype discharge coefficient curve was for leaping and springing 
flows.  Between 0.3 ≤ Ht/w ≤ 2.0, relatively good agreement exists between data from the 
two studies. Johnson (1996) also compared results with Swamee (1988), which resulted 
in a relatively poor correlation.  Consequently, no comparison was made with Swamee 
(1988) and the current study. Johnson studied models with w/P values of 0.25, 0.5, 1.0, 
and 2.0 where this study looked solely at weirs with w/P=0.125. This could explain some 
of the variation between the two datasets but it appears Johnson’s curve for Cd is a good 
approximation for FT weirs. 
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Figure 55. Nappe aeration behavior comparison for flat-top crested weirs. 
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Figure 56. Nappe aeration behavior comparison for quarter-round crested weirs. 
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Figure 57. Nappe aeration behavior comparison for half-round crested weirs. 
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Figure 58. Overlay of flat-top crested weir nappe profiles scaled to P=24-in. 
 
 
 
Figure 59. Overlay of quarter-round crested weir nappe profiles scaled to P=24-in. 
69 
 
 
 
Figure 60. Overlay of nappe profiles on P=24-in for half-round crested weirs. 
 
 
 
Figure 61. Comparison of discharge coefficients for flat-top crested weirs with Johnson 
(1996) in terms of Ht/P. 
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The data collected for the QR weirs were compared with the empirical equation 
presented by Crookston (2010) (Figure 63). The equation offers a very good fit over a 
majority of the data range with the equation overestimating the value for Cd when Ht/P ≤ 
0.1. Crookston (2010) stated the equation was valid for values of 0.05 ≤ Ht/P ≤ 0.9 but 
could be extrapolated up to Ht/P ≤ 2.0. Crookston (2010) only collected data for Ht/P ≤ 
0.9, whereas the data for this study extend farther up to Ht/P ≈ 2.0. The curve continues 
to decrease at larger heads but it was observed that the discharge coefficient becomes 
constant at 0.64 as the relative head approaches 2.0. Above Ht/P= 1.4, the curve begins to 
underestimate the discharge coefficient with a maximum percent difference of about 
2.6% in the extrapolated region of the curve. Crookston’s equation appears to be a good 
approximation up to Ht/P= 1.4. 
 
 
Figure 62. Comparison of discharge coefficients for flat-top crested weirs between the 
current study (KC) and Johnson (1996) (MC) in terms of Ht/w. 
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Figure 63. Comparison of discharge coefficients for quarter-round crested weirs with 
Crookston (2010). 
 
 
The data collected for the HR weirs were compared with Crookston’s (2010) 
empirical equation for HR weirs (see Figure 64) and yielded similar results to the 
comparison with the QR data (i.e., good correlation between the data from the present 
study and the Crookston (2010) curve for 0.1 ≤ Ht/P ≤ 0.9). Once again, the curve 
overestimates the discharge coefficient in the region of Ht/P ≤ 0.1. The extrapolated 
region of Crookston’s equation also overestimated Cd with a maximum percent difference 
of approximately 4.6%. Crookston (2010) only collected data for Ht/P ≤ 0.9, whereas the 
data for this study extend further up to Ht/P ≤ 2.0. Crookston suggests that the equation is 
valid for 0.05 ≤ Ht/P ≤ 0.9, but is the opinion of the author that the range should be 
limited to 0.1 ≤ Ht/P ≤ 0.9.  
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Figure 64. Comparison of discharge coefficients for half-round crested weirs with other 
researchers. 
 
 
The HR data were also compared with the equation derived by Matthew (1991) 
for circular crested weirs that was also cited and used by Castro-Orgaz (2012) and Pfister 
et al. (2013). The comparison was done using the equation as defined by Pfister et al. 
(2013). Figure 65, which shows a close up view over the range of Ht/P where Matthew’s 
(1991) equation, is said to be valid.  Using Matthew’s (1991) equation, curves were 
created for each of the weir geometries used in this study. Matthew’s (1991) equation is 
in terms of Ht/R but was converted to Ht/P for comparison. Matthew’s (1991) equation is 
said to be valid for 0.2 ≤ Ht/R ≤ 1.0 but Pfister et al. (2013) suggested that range could be 
extended up to Ht/R ≤ 3.0 which corresponds to 0.01 ≤ Ht/P ≤ 0.19 approximately. The 
general trend of the curves appears to match the trend in the data with the exception of 
P=24- and 12-in. The curve for P=24-in (R=1.5-in) suggests the discharge coefficient 
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should be larger in comparison with the other size scales and should decline closer to 
Ht/P=0 than any of the other weirs. The data for P=12-in overestimates the data collected 
for P=24-in which is not the trend using the curves. This is the similar to the trend that 
was observed for the FT and QR data where the discharge coefficient underestimates the 
prototype increasingly more as weir size is decreased. This would suggest that further 
investigation into the data collected for P=24- and 12-in may be needed to determine if 
there are some errors causing the difference. The data for P=3-in appears to follow the 
trend in the curves (Pfister et al. 2013) the most in comparison with all of the sizes tested. 
 
 
Figure 65. Comparison of discharge coefficients for half-round crested weirs with Pfister 
et al. 2013. 
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CONCLUSIONS 
 
 
Linear weirs are a common hydraulic structure that have been used for many 
years. Physical modeling is one of the common tools used in determining head-discharge 
relationships for weirs. Due to space, time, money, and discharge capacity limitations at 
water laboratories, creating full scale models is not always a feasible option when 
determining head-discharge relationships for weirs. Smaller models are advantageous in 
that they require less space and are easier and cheaper to construct. However, as the size 
of the model decreases the significance of size scale effects (i.e. surface tension and 
viscosity forces) can become greater and can greatly affect the results of a model study. 
Guidelines have been suggested by many researchers for minimum head limits for scale 
effects avoidance but are often vague and based on previous experience.  
The purpose of this study was to evaluate size scale effects in relation to model 
scale and weir crest shape. Weirs models of three different crest shapes (flat-top, quarter-
round, and half-round) were constructed and tested for four different model heights 
(P=24-, 12-, 6-, and 3-in). Discharge coefficients were calculated for relative head values 
ranging from 0.01 ≤ Ht/P ≤ 2.0 for vented and non-vented conditions. Nappe aeration 
behavior was also documented and compared to determine where differences in nappe 
trajectory occurred as a result of scale effects. Comparisons were also made with data 
from others researchers to determine if the recommendations for minimum head limits 
were similar to the results from this study.  Based on the results from this study the 
following conclusions on linear weir size scale effects were made. 
 Large uncertainties in single sample measurements exists when Ht/P ≤ 0.1. It 
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was noted that uncertainty increases as the weir size decreases but as the 
relative head approaches Ht/P=2.0 for this study, the uncertainties converge to 
0.25% regardless of weir size.  
 Size scale effects are the most significant for the low-head region (Ht/P ≤ 0.2) 
and nappe aeration region (0.2 ≤ Ht/P ≤ 0.6) for the weirs tested in this study.  
 Plotting Cd vs Ht/P yields the same results as Cd vs Ht using head values 
scaled up to prototype dimensions. 
 In the low-head region, surface tension appears to be the dominating size scale 
effect. An increase in head is required to overcome surface tension and begin 
flowing water over the weir and appears to be greater on weirs with smaller 
radii. The general trend observed for the low-head region is an 
underestimation of Cd that becomes larger and larger as the size of the weir is 
decreased. This trend was not true for QR and HR weirs. Size scale effects 
cease sooner for FT weirs and persist the longest on HR weirs in the low-head 
region. The recommended head limits for size scale effects avoidance for 
vented and non-vented conditions are summarized in Table 7. 
 
Table 7. Summary of Size Scale Effects Head Limits 
  HR QR FT 
Weir 
Length 
Ratio 
Non-
Vented Vented 
Non-
Vented Vented 
Non-
Vented Vented 
Height Lr (mm) (mm) (mm) (mm) (mm) (mm) 
P=24-in 1 - - - - - - 
P=12-in 2 31 31 34 34 17 13 
P=6-in 4 45 45 38 49 26 26 
P=3-in 8 150 82 95 95 85 97 
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  In the nappe aeration region, size scale effects caused the nappe aeration to 
behave differently at different scales. As the size of the weir decreases, the 
point at which the flow begins to leap or spring occurs later or often not at all 
for the smaller weirs (P=6- and 3-in). Surface tension appears to cause the 
nappe to remain clinging to the face of the weir for the smaller weirs. It was 
observed that air entrainment or air content in the water appears to be a 
function of size scale. As the size of the weir decreases, the amount of air 
entrained decreases, causing self-aeration to occur later or not at all. Nappe 
aeration behavior for the HR weirs had the least amount of variation between 
the different model scales. 
 Comparison of data for FT weirs yields better results when compared in terms 
of Ht/w. The comparison with Johnson’s (1996) data is a very good fit with 
exception for Ht/w ≤ 0.3 and Ht/w ≥ 2.0. The QR and HR data compared very 
well with Crookston’s (2010) equations over the valid range with the 
exception of Ht/P ≤ 0.1. Matthew’s (1991) equation as cited by Pfister et al. 
(2013) is a good approximation for HR weirs in the low-head region with the 
exception of the data for P-24-in from this study. Additional data are needed 
to determine if there are errors in data collected for P=24-in. 
Additional research in needed to determine if the results for the HR and QR weirs 
in the low-head region are a result of scale effects or if there were errors in the 
measurements. Also further investigation into the effect of the approach velocity 
conditions would help verify that the error in Cd are not due to non-uniform flow 
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conditions. Further investigation into nappe aeration behavior for vented conditions is 
needed to better understand if the nappe trajectory scales more closely than what was 
observed for non-vented conditions. Additionally, a comparison of data of P=24-in with a 
larger geometrically similar weir would help determine if size scale effects are present for 
the prototype weir of this study.  
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APPENDIX A: WEIR MODEL DRAWINGS 
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Figure 66. Fabrication drawings for 24-in weir models. 
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Figure 67. Fabrication drawings for 12-in weir models. 
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Figure 68. Fabrication drawings for 6-in weir models. 
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Figure 69. Fabrication drawings for 3-in weir models. 
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APPENDIX B: VBA CODE 
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Option Explicit 
'for use with 3-ft rectangular flume in UWRL (9-15-2007) revised (1-19-2016) 
'iterative solution for Q,C,and Reynold's number 
Function flowm3(size, g, dh, hz, wdtemp) 
Dim beta, A, C As Double 
Dim KV, Rey, ReyNew, Pi As Double 
Dim Dorifice, Dpipe As Double 
Pi = 3.14159265359 
 
Rey = 15000 'intial guess for Reynold's number 
KV = 3.2702922725E-14 * wdtemp ^ 4 - 2.0655516128E-11 * wdtemp ^ 3 + 
5.0175808704E-09 * wdtemp ^ 2 - 5.8997423947E-07 * wdtemp + 0.000033559451296 
'Calculate Kinematic Viscosity of Water as a function of Temperature 
(Fahrenheit) 
'Curve fit from data in Hydraulics of Pipelines by Paul Tullis 
 
If (size = 2) Then 
    Do 
        ReyNew = Rey 
        'curve fit for orifice coefficient 
        If (2997 <= Rey < 12278) Then 
            C = 0.761076 * Rey ^ (-0.019092) 
        ElseIf (Rey >= 12278) Then 
            C = -1.3228915434E-07 * Rey + 0.63776476378 
        End If 
        'C = 0.6345 
        Dorifice = 1.035 
        Dpipe = 2.042 
        A = Dorifice ^ 2 * Pi * 0.25 / 144 
        beta = Dorifice / Dpipe 
        flowm3 = C * A * (2 * g * dh) ^ 0.5 / (1 - beta ^ 4) ^ 0.5 
        Rey = 4 * flowm3 / (Pi * (Dpipe / 12) * KV) 
    Loop Until Abs(Rey - ReyNew) < 0.000001 
     
Else 
    If (size = 4) Then 
        Do 
            ReyNew = Rey 
            'orifice coefficient 
            C = 0.6277 
            Dorifice = 3 
            Dpipe = 4.026 
            A = Dorifice ^ 2 * Pi * 0.25 / 144 
            beta = Dorifice / Dpipe 
88 
 
 
            flowm3 = C * A * (2 * g * dh) ^ 0.5 / (1 - beta ^ 4) ^ 0.5 
            Rey = 4 * flowm3 / (Pi * (Dpipe / 12) * KV) 
    Loop Until Abs(Rey - ReyNew) < 0.000001 
   Else 
        If (size = 12) Then 
            Do 
                ReyNew = Rey 
                'curve fit for orifice coefficient 
                If (55242 <= Rey < 241467) Then 
                    C = 0.678245 * Rey ^ (-0.00805) 
                ElseIf (Rey >= 241467) Then 
                    C = -3.815824E-19 * Rey ^ 3 + 4.982156E-13 * Rey ^ 2 - 
0.0000002089167 * Rey + 0.6411721 
                End If 
                'C = 0.6151 
                Dorifice = 8.005 
                Dpipe = 12# 
                A = Dorifice ^ 2 * Pi * 0.25 / 144 
                beta = Dorifice / Dpipe 
                flowm3 = C * A * (2 * g * dh) ^ 0.5 / (1 - beta ^ 4) ^ 0.5 
                Rey = 4 * flowm3 / (Pi * (Dpipe / 12) * KV) 
            Loop Until Abs(Rey - ReyNew) < 0.000001 
        Else 
            If (size = 1) Then 
                flowm3 = (0.0069 * hz - 0.023) / 448.831 
            End If 
        End If 
    End If 
End If 
 
End Function 
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Option Explicit 
'for use with 4-ft rectangular flume with transmitters in UWRL (9-15-2007) 
'updated and revised by Kedric Curtis 2015 
'iterative solution for Q,C,and Reynold's number 
Function flowt4(size, dh, hz, wdtemp) 
Dim beta, A, Dorifice, Dpipe, Pi, C, g As Double 
Dim KV, Rey, ReyNew As Double 
Pi = 3.14159265359 
g = 32.174 
Rey = 15000 'intial guess for Reynold's number 
KV = 3.2702922725E-14 * wdtemp ^ 4 - 2.0655516128E-11 * wdtemp ^ 3 + 
5.0175808704E-09 * wdtemp ^ 2 - 5.8997423947E-07 * wdtemp + 0.000033559451296 
'Calculate Kinematic Viscosity of Water as a function of Temperature 
(Fahrenheit) 
'Curve fit from data in Hydraulics of Pipelines by Paul Tullis 
 
If (size = 8) Then 
    Do 
        ReyNew = Rey 
        C = -2.1391538656E-24 * Rey ^ 4 + 2.871688075E-18 * Rey ^ 3 - 
1.3639445467E-12 * Rey ^ 2 + 2.7449102936E-07 * Rey + 0.58935546947 
        'C = 0.6053 
        Dorifice = 5.5839 '5.719 
        Dpipe = 7.932 '7.625 
        beta = Dorifice / Dpipe 
        A = Dorifice ^ 2 * Pi * 0.25 / 144 
        flowt4 = C * A * (2 * g * dh) ^ 0.5 / (1 - beta ^ 4) ^ 0.5 
        Rey = 4 * flowt4 / (Pi * (Dpipe / 12) * KV) 
    Loop Until Abs(Rey - ReyNew) < 0.000001 
Else 
    If (size = 20) Then 
        Do 
            ReyNew = Rey 
            C = 1.8827994264E-30 * Rey ^ 5 - 5.798831372E-24 * Rey ^ 4 + 
6.9456793108E-18 * Rey ^ 3 - 4.0351115506E-12 * Rey ^ 2 + 1.1322907408E-06 * Rey 
+ 0.50582518016 
            'C = 0.6282 
            Dorifice = 14.625 
            Dpipe = 19.5 
            beta = Dorifice / Dpipe 
            beta = Dorifice / Dpipe 
            A = Dorifice ^ 2 * Pi * 0.25 / 144 
            flowt4 = C * A * (2 * g * dh) ^ 0.5 / (1 - beta ^ 4) ^ 0.5 
            Rey = 4 * flowt4 / (Pi * (Dpipe / 12) * KV) 
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        Loop Until Abs(Rey - ReyNew) < 0.000001 
     Else 
        If (size = 1) Then 
          flowt4 = (0.0069 * hz - 0.023) / 448.831 
        End If 
    End If 
End If 
 
End Function 
 
 
Option Explicit 
'Calculate Specific Weight of Water as a function of Temperature (Fahrenheit) 
Function GAMMAH2O(wdtemp) 
GAMMAH2O = 59.364982 + 3.0750805 * Cos(0.0078331697 * (wdtemp) - 
0.24302151) 
'Slight adjustment of gamma to match values given in Engineering Fluid 
Mechanics 7th edition by Crowe, Elger, Roberson 
    If wdtemp = 40 Then 
      GAMMAH2O = 62.43 
    ElseIf wdtemp = 50 Then 
      GAMMAH2O = 62.4 
    End If 
End Function 
 
 
'Calculate Kinematic Viscosity of Water as a function of Temperature 
(Fahrenheit) 
'Curve fit from data in Hydraulics of Pipelines by Paul Tullis 
 
Function KV(wdtemp) 
KV = 3.2702922725E-14 * wdtemp ^ 4 - 2.0655516128E-11 * wdtemp ^ 3 + 
5.0175808704E-09 * wdtemp ^ 2 - 5.8997423947E-07 * wdtemp + 
0.000033559451296 
End Function 
 
'Calculate Surface Tension of Water as a function of Temperature (Fahrenheit) 
'Curve fit from data in Hydraulics of Pipelines by Paul Tullis 
 
Function ST(wdtemp) 
ST = -5.5236292529E-09 * wdtemp ^ 2 - 5.0870513862E-06 * wdtemp + 
0.0053591300717 
End Function 
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'Calculate Reynold's Number based on supply piping size for 4-ft flume 
 
Function Reynolds4(Pipe, Q, KV) 
 
Dim Pi, d As Double 
Pi = 3.14159265359 
 
    If (Pipe = 20) Then 
        d = 19.5 / 12 
        Reynolds4 = 4 * Q / (Pi * d * KV) 
    Else 
        If (Pipe = 8) Then 
            d = 7.932 / 12 
            Reynolds4 = 4 * Q / (Pi * d * KV) 
        End If 
    End If 
         
End Function 
 
 
 
'Calculate Reynold's Number based on supply piping size for 3-ft flume 
 
Function Reynolds3(Pipe, Q, KV) 
 
Dim Pi, d As Double 
Pi = 3.14159265359 
 
    If (Pipe = 12) Then 
        d = 12# / 12 
        Reynolds3 = 4 * Q / (Pi * d * KV) 
    Else 
        If (Pipe = 4) Then 
            d = 4.026 / 12 
            Reynolds3 = 4 * Q / (Pi * d * KV) 
        Else 
            If (Pipe = 2) Then 
                d = 2.042 / 12 
                Reynolds3 = 4 * Q / (Pi * d * KV) 
            End If 
        End If 
    End If 
         
End Function 
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Option Explicit 
'Uncertainty based off Kline and McClintoch (1953) 
Function uncert(L, P, g, Q, H, Ht, Cd) As Double 
Dim A As Double, wP As Double, wL As Double, wH As Double, wQ As 
Double 
Dim wA_A As Double, wHt As Double 
 
'P is in units of feet 
L = L / 12 ' Crest length ft 
A = L * (H + P) ' Flume width x head + weir height 
 
wP = 0.0005 / 2 'readibility of point gauge in feet 
wL = 0.0026 / 2 'Units of feet, Measured using tape measure, +/- 1/32" 
wH = 0.0005 / 2 'readability on point gauge in feet 
wQ = 0.0025 * Q  ' +/- cfs 
'wA/A for use in wHt 
wA_A = Sqr((wL / L) ^ 2 + ((wH ^ 2 + wP ^ 2) / ((H + P) ^ 2))) ' +/- Area ft^2 
wHt = Sqr(wH ^ 2 + (Q * wQ / (g * A ^ 2)) ^ 2 + (1 / 4) * ((Q ^ 2 / (g * A ^ 2)) * 
_(wA_A)) ^ 2) ' +/- Ht ft 
 
uncert = Sqr((wQ / Q) ^ 2 + (9 / 4) * (wHt / Ht) ^ 2 + (wL / L) ^ 2) 
'uncert function yields percent; multiply by Cd to get +- value 
 
End Function 
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APPENDIX C: CURVE FIT EQUATIONS 
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FT24 =  
 
     General model Rat33: 
     FT24(x) = (p1*x^3 + p2*x^2 + p3*x + p4) / 
               (x^3 + q1*x^2 + q2*x + q3) 
     Coefficients (with 95% confidence bounds): 
       p1 =      0.7423  (0.654, 0.8307) 
       p2 =   -0.008442  (-0.09744, 0.08055) 
       p3 =    0.001885  (-0.005265, 0.009035) 
       p4 =  -9.838e-06  (-4.784e-05, 2.816e-05) 
       q1 =      0.0332  (-0.1504, 0.2168) 
       q2 =    0.002529  (-0.01218, 0.01723) 
       q3 =  -4.961e-06  (-6.634e-05, 5.642e-05) 
 
gof =  
 
           sse: 1.2625e-04 
       rsquare: 0.9890 
           dfe: 9 
    adjrsquare: 0.9816 
          rmse: 0.0037 
 
 
FT12 =  
 
     General model Rat34: 
     FT12(x) = (p1*x^3 + p2*x^2 + p3*x + p4) / 
               (x^4 + q1*x^3 + q2*x^2 + q3*x + q4) 
     Coefficients (with 95% confidence bounds): 
       p1 =   1.096e+05  (-1.692e+09, 1.692e+09) 
       p2 =  -4.245e+04  (-6.552e+08, 6.551e+08) 
       p3 =        8405  (-1.297e+08, 1.297e+08) 
       p4 =      -103.5  (-1.597e+06, 1.597e+06) 
       q1 =    1.86e+05  (-2.871e+09, 2.871e+09) 
       q2 =  -8.608e+04  (-1.329e+09, 1.329e+09) 
       q3 =   1.658e+04  (-2.559e+08, 2.56e+08) 
       q4 =      -167.2  (-2.581e+06, 2.581e+06) 
 
gof =  
 
           sse: 0.0011 
       rsquare: 0.9796 
           dfe: 26 
    adjrsquare: 0.9741 
          rmse: 0.0065 
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FT6 =  
 
     General model Rat34: 
     FT6(x) = (p1*x^3 + p2*x^2 + p3*x + p4) / 
               (x^4 + q1*x^3 + q2*x^2 + q3*x + q4) 
     Coefficients (with 95% confidence bounds): 
       p1 =   6.304e+06  (-2.275e+12, 2.275e+12) 
       p2 =  -2.594e+06  (-9.361e+11, 9.361e+11) 
       p3 =   5.834e+05  (-2.106e+11, 2.106e+11) 
       p4 =  -1.464e+04  (-5.285e+09, 5.285e+09) 
       q1 =    1.08e+07  (-3.898e+12, 3.898e+12) 
       q2 =  -5.282e+06  (-1.906e+12, 1.906e+12) 
       q3 =   1.136e+06  (-4.1e+11, 4.1e+11) 
       q4 =  -2.572e+04  (-9.282e+09, 9.282e+09) 
 
gof =  
 
           sse: 4.8046e-04 
       rsquare: 0.9904 
           dfe: 25 
    adjrsquare: 0.9877 
          rmse: 0.0044 
 
 
FT3 =  
 
     General model Rat45: 
     FT3(x) = (p1*x^4 + p2*x^3 + p3*x^2 + p4*x + p5) / 
               (x^5 + q1*x^4 + q2*x^3 + q3*x^2 + q4*x + q5) 
     Coefficients (with 95% confidence bounds): 
       p1 =        10.4  (2.86, 17.94) 
       p2 =      -6.649  (-14.65, 1.354) 
       p3 =        1.45  (-1.969, 4.869) 
       p4 =    -0.03335  (-0.7473, 0.6806) 
       p5 =   -0.001798  (-0.03337, 0.02978) 
       q1 =       14.46  (1.66, 27.27) 
       q2 =      -9.445  (-23.74, 4.849) 
       q3 =       1.882  (-4.414, 8.177) 
       q4 =     0.01181  (-1.248, 1.271) 
       q5 =    -0.00469  (-0.05546, 0.04608) 
 
gof =  
 
           sse: 4.9872e-04 
       rsquare: 0.9944 
           dfe: 23 
    adjrsquare: 0.9921 
          rmse: 0.0047 
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FT24V =  
 
     General model Rat34: 
     FT24V(x) = (p1*x^3 + p2*x^2 + p3*x + p4) / 
               (x^4 + q1*x^3 + q2*x^2 + q3*x + q4) 
     Coefficients (with 95% confidence bounds): 
       p1 =        4328  (-2.103e+07, 2.104e+07) 
       p2 =      -810.5  (-3.94e+06, 3.938e+06) 
       p3 =       81.78  (-3.974e+05, 3.975e+05) 
       p4 =      -0.426  (-2071, 2070) 
       q1 =        7301  (-3.547e+07, 3.549e+07) 
       q2 =       -1519  (-7.387e+06, 7.384e+06) 
       q3 =       160.9  (-7.817e+05, 7.82e+05) 
       q4 =     -0.5908  (-2872, 2871) 
 
gof =  
 
           sse: 7.2694e-05 
       rsquare: 0.9907 
           dfe: 9 
    adjrsquare: 0.9835 
          rmse: 0.0028 
 
 
FT12V =  
 
     General model Rat35: 
     FT12V(x) = (p1*x^3 + p2*x^2 + p3*x + p4) / 
               (x^5 + q1*x^4 + q2*x^3 + q3*x^2 + q4*x + q5) 
     Coefficients (with 95% confidence bounds): 
       p1 =       4.387  (0.1065, 8.667) 
       p2 =      -1.073  (-1.876, -0.2698) 
       p3 =     0.09654  (0.02983, 0.1632) 
       p4 =   -0.001112  (-0.001903, -0.0003223) 
       q1 =      -2.322  (-2.697, -1.947) 
       q2 =       8.551  (1.896, 15.21) 
       q3 =      -2.124  (-3.436, -0.8126) 
       q4 =      0.1928  (0.06111, 0.3244) 
       q5 =   -0.002031  (-0.003505, -0.0005573) 
 
gof =  
 
           sse: 6.6693e-04 
       rsquare: 0.9762 
           dfe: 19 
    adjrsquare: 0.9662 
          rmse: 0.0059 
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FT6V =  
 
     General model Rat55: 
     FT6V(x) =  
               (p1*x^5 + p2*x^4 + p3*x^3 + p4*x^2 + p5*x + p6) / 
               (x^5 + q1*x^4 + q2*x^3 + q3*x^2 + q4*x + q5) 
     Coefficients (with 95% confidence bounds): 
       p1 =      0.6093131678  (0.5972, 0.6214) 
       p2 =     -0.6025213400  (-0.7766, -0.4284) 
       p3 =      0.2325954057  (0.1053, 0.3599) 
       p4 =     -0.0454969208  (-0.07634, -0.01465) 
       p5 =      0.0044342676  (0.00162, 0.007248) 
       p6 =     -0.0000944111  (-0.0001526, -3.627e-05) 
       q1 =     -1.0226240516  (-1.282, -0.7632) 
       q2 =      0.4128757614  (0.2198, 0.606) 
       q3 =     -0.0840422254  (-0.1318, -0.0363) 
       q4 =      0.0082044576  (0.003608, 0.0128) 
       q5 =     -0.0001610162  (-0.0002489, -7.314e-05) 
 
gof = sse: 3.8468e-04 
       rsquare: 0.9842 
           dfe: 18 
    adjrsquare: 0.9755 
          rmse: 0.0046 
 
 
FT3V =  
     General model Rat55: 
     FT3V(x) =  
               (p1*x^5 + p2*x^4 + p3*x^3 + p4*x^2 + p5*x + p6) / 
               (x^5 + q1*x^4 + q2*x^3 + q3*x^2 + q4*x + q5) 
     Coefficients (with 95% confidence bounds): 
       p1 =      0.5781  (0.4872, 0.669) 
       p2 =     -0.9915  (-2.451, 0.468) 
       p3 =      0.7887  (-0.8659, 2.443) 
       p4 =     -0.2685  (-0.8352, 0.2983) 
       p5 =     0.04023  (-0.02502, 0.1055) 
       p6 =   -0.001578  (-0.003822, 0.0006655) 
       q1 =      -1.789  (-3.738, 0.1592) 
       q2 =       1.428  (-0.8885, 3.745) 
       q3 =     -0.4835  (-1.273, 0.3061) 
       q4 =      0.0701  (-0.01886, 0.1591) 
       q5 =   -0.002544  (-0.005349, 0.0002619) 
 
gof = sse: 6.8878e-04 
       rsquare: 0.9877 
           dfe: 12 
    adjrsquare: 0.9774 
          rmse: 0.0076 
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QR24 =  
 
     General model Rat14: 
     QR24(x) = (p1*x + p2) / 
               (x^4 + q1*x^3 + q2*x^2 + q3*x + q4) 
     Coefficients (with 95% confidence bounds): 
       p1 =      0.1316  (-0.0817, 0.3449) 
       p2 =    -0.00105  (-0.002861, 0.0007603) 
       q1 =     -0.4445  (-1.166, 0.277) 
       q2 =     -0.1335  (-0.7537, 0.4867) 
       q3 =      0.2222  (-0.1752, 0.6197) 
       q4 =  -0.0003262  (-0.002247, 0.001594) 
 
gof =  
 
           sse: 6.5933e-04 
       rsquare: 0.9846 
           dfe: 18 
    adjrsquare: 0.9803 
          rmse: 0.0061 
 
 
QR12 =  
 
     General model Rat35: 
     QR12(x) = (p1*x^3 + p2*x^2 + p3*x + p4) / 
               (x^5 + q1*x^4 + q2*x^3 + q3*x^2 + q4*x + q5) 
     Coefficients (with 95% confidence bounds): 
       p1 =      0.8249  (-1.453, 3.103) 
       p2 =     -0.9744  (-2.419, 0.4702) 
       p3 =      0.8878  (0.05345, 1.722) 
       p4 =    -0.01245  (-0.02405, -0.0008612) 
       q1 =      -3.845  (-4.747, -2.943) 
       q2 =       6.419  (0.863, 11.97) 
       q3 =       -4.16  (-7.871, -0.4482) 
       q4 =       1.653  (0.1715, 3.135) 
       q5 =    -0.01974  (-0.03702, -0.002465) 
 
gof =  
 
           sse: 2.7609e-04 
       rsquare: 0.9935 
           dfe: 19 
    adjrsquare: 0.9908 
          rmse: 0.0038 
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QR6 =  
 
     General model Rat34: 
     QR6(x) = (p1*x^3 + p2*x^2 + p3*x + p4) / 
               (x^4 + q1*x^3 + q2*x^2 + q3*x + q4) 
     Coefficients (with 95% confidence bounds): 
       p1 =       22.47  (-16.66, 61.59) 
       p2 =      -19.43  (-52.69, 13.83) 
       p3 =       6.564  (-6.058, 19.19) 
       p4 =     -0.1621  (-0.4838, 0.1596) 
       q1 =       32.62  (-29.1, 94.33) 
       q2 =      -29.23  (-83, 24.53) 
       q3 =       9.355  (-9.294, 28) 
       q4 =     -0.1581  (-0.508, 0.1917) 
 
gof =  
 
           sse: 8.4920e-04 
       rsquare: 0.9877 
           dfe: 26 
    adjrsquare: 0.9844 
          rmse: 0.0057 
 
 
QR3 =  
 
     General model Rat45: 
     QR3(x) = (p1*x^4 + p2*x^3 + p3*x^2 + p4*x + p5) / 
               (x^5 + q1*x^4 + q2*x^3 + q3*x^2 + q4*x + q5) 
     Coefficients (with 95% confidence bounds): 
       p1 =       12.11  (-85.27, 109.5) 
       p2 =       3.906  (-147.7, 155.6) 
       p3 =    -0.02584  (-38.95, 38.9) 
       p4 =        1.08  (-14.9, 17.06) 
       p5 =    -0.06348  (-0.8882, 0.7613) 
       q1 =       17.02  (-150.7, 184.8) 
       q2 =       7.992  (-278.6, 294.6) 
       q3 =      -3.771  (-111.7, 104.1) 
       q4 =       2.352  (-30.14, 34.85) 
       q5 =     -0.1192  (-1.622, 1.383) 
 
gof =  
 
           sse: 1.9118e-04 
       rsquare: 0.9980 
           dfe: 19 
    adjrsquare: 0.9971 
          rmse: 0.0032 
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QR24V =  
 
     General model Rat14: 
     QR24(x) = (p1*x + p2) / 
               (x^4 + q1*x^3 + q2*x^2 + q3*x + q4) 
     Coefficients (with 95% confidence bounds): 
       p1 =   67294.8964514416  (-7.911e+10, 7.911e+10) 
       p2 =   -531.2155329095  (-6.245e+08, 6.245e+08) 
       q1 =   191184.0086137009  (-2.248e+11, 2.248e+11) 
       q2 =   -145539.5361850107  (-1.711e+11, 1.711e+11) 
       q3 =   116884.9520136934  (-1.374e+11, 1.374e+11) 
       q4 =   -162.6152760634  (-1.912e+08, 1.912e+08) 
 
gof =  
 
           sse: 4.9391e-04 
       rsquare: 0.9822 
           dfe: 14 
    adjrsquare: 0.9759 
          rmse: 0.0059 
 
 
 
QR12V =  
 
     General model Rat35: 
     QR12V(x) = (p1*x^3 + p2*x^2 + p3*x + p4) / 
               (x^5 + q1*x^4 + q2*x^3 + q3*x^2 + q4*x + q5) 
     Coefficients (with 95% confidence bounds): 
       p1 =       7.951  (-7.161, 23.06) 
       p2 =      -2.326  (-5.939, 1.286) 
       p3 =      0.3686  (-0.05425, 0.7914) 
       p4 =   -0.004791  (-0.01021, 0.000623) 
       q1 =      -2.002  (-3.397, -0.6062) 
       q2 =       13.17  (-7.581, 33.92) 
       q3 =      -4.136  (-9.406, 1.135) 
       q4 =      0.6317  (-0.0595, 1.323) 
       q5 =   -0.007013  (-0.01459, 0.0005641) 
 
gof =  
 
           sse: 1.6025e-04 
       rsquare: 0.9924 
           dfe: 11 
    adjrsquare: 0.9868 
          rmse: 0.0038 
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QR6V =  
 
     General model Rat35: 
     QR6V(x) = (p1*x^3 + p2*x^2 + p3*x + p4) / 
               (x^5 + q1*x^4 + q2*x^3 + q3*x^2 + q4*x + q5) 
     Coefficients (with 95% confidence bounds): 
       p1 =   9.684e+06  (-1.212e+13, 1.212e+13) 
       p2 =  -2.828e+06  (-3.54e+12, 3.54e+12) 
       p3 =   4.643e+05  (-5.812e+11, 5.812e+11) 
       p4 =  -1.132e+04  (-1.417e+10, 1.417e+10) 
       q1 =   1.118e+06  (-1.4e+12, 1.4e+12) 
       q2 =   1.285e+07  (-1.608e+13, 1.608e+13) 
       q3 =  -4.111e+06  (-5.146e+12, 5.146e+12) 
       q4 =   7.039e+05  (-8.811e+11, 8.811e+11) 
       q5 =  -1.459e+04  (-1.826e+10, 1.826e+10) 
 
gof =  
 
           sse: 3.4111e-04 
       rsquare: 0.9907 
           dfe: 16 
    adjrsquare: 0.9860 
          rmse: 0.0046 
 
 
QR3V =  
 
     General model Rat35: 
     QR3V(x) = (p1*x^3 + p2*x^2 + p3*x + p4) / 
               (x^5 + q1*x^4 + q2*x^3 + q3*x^2 + q4*x + q5) 
     Coefficients (with 95% confidence bounds): 
       p1 =       27.17  (-5.591e+04, 5.596e+04) 
       p2 =       433.8  (-6.328e+05, 6.337e+05) 
       p3 =       9.292  (-1.359e+04, 1.361e+04) 
       p4 =      -2.013  (-2946, 2942) 
       q1 =      -45.43  (-5.908e+04, 5.899e+04) 
       q2 =       258.5  (-3.932e+05, 3.937e+05) 
       q3 =       400.7  (-5.862e+05, 5.87e+05) 
       q4 =       64.35  (-9.393e+04, 9.405e+04) 
       q5 =      -4.856  (-7103, 7093) 
 
gof =  
 
           sse: 2.8607e-04 
       rsquare: 0.9954 
           dfe: 14 
    adjrsquare: 0.9928 
          rmse: 0.0045 
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HR24 =  
 
     General model Rat14: 
     HR24(x) = (p1*x + p2) / 
               (x^4 + q1*x^3 + q2*x^2 + q3*x + q4) 
     Coefficients (with 95% confidence bounds): 
       p1 =      0.1257  (0.01592, 0.2356) 
       p2 =   -0.001467  (-0.002784, -0.0001495) 
       q1 =     -0.3509  (-0.7909, 0.089) 
       q2 =    -0.07762  (-0.3468, 0.1915) 
       q3 =      0.1648  (0.002844, 0.3267) 
       q4 =  -0.0003863  (-0.001354, 0.0005819) 
 
gof =  
 
           sse: 0.0012 
       rsquare: 0.9860 
           dfe: 38 
    adjrsquare: 0.9841 
          rmse: 0.0056 
 
 
HR12 =  
 
     General model Rat34: 
     HR12(x) = (p1*x^3 + p2*x^2 + p3*x + p4) / 
               (x^4 + q1*x^3 + q2*x^2 + q3*x + q4) 
     Coefficients (with 95% confidence bounds): 
       p1 =   1.481e+06  (-2.465e+11, 2.465e+11) 
       p2 =  -2.339e+05  (-3.893e+10, 3.893e+10) 
       p3 =   1.219e+05  (-2.029e+10, 2.029e+10) 
       p4 =       138.5  (-2.305e+07, 2.305e+07) 
       q1 =   2.437e+06  (-4.056e+11, 4.056e+11) 
       q2 =  -6.455e+05  (-1.075e+11, 1.075e+11) 
       q3 =    1.85e+05  (-3.08e+10, 3.08e+10) 
       q4 =        1380  (-2.298e+08, 2.298e+08) 
 
gof =  
 
           sse: 1.6705e-04 
       rsquare: 0.9969 
           dfe: 26 
    adjrsquare: 0.9960 
          rmse: 0.0025 
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HR6 =  
 
     General model Rat34: 
     HR6(x) = (p1*x^3 + p2*x^2 + p3*x + p4) / 
               (x^4 + q1*x^3 + q2*x^2 + q3*x + q4) 
     Coefficients (with 95% confidence bounds): 
       p1 =       946.3  (-7.368e+06, 7.37e+06) 
       p2 =      -685.1  (-5.325e+06, 5.323e+06) 
       p3 =       978.7  (-7.618e+06, 7.62e+06) 
       p4 =       33.92  (-2.64e+05, 2.64e+05) 
       q1 =       813.7  (-6.356e+06, 6.357e+06) 
       q2 =       289.1  (-2.251e+06, 2.252e+06) 
       q3 =       625.9  (-4.873e+06, 4.875e+06) 
       q4 =       108.5  (-8.444e+05, 8.446e+05) 
 
gof =  
 
           sse: 0.0016 
       rsquare: 0.9742 
           dfe: 41 
    adjrsquare: 0.9698 
          rmse: 0.0062 
 
 
HR3 =  
 
     General model Rat23: 
     HR3(x) = (p1*x^2 + p2*x + p3) / 
               (x^3 + q1*x^2 + q2*x + q3) 
     Coefficients (with 95% confidence bounds): 
       p1 =   1.177e+05  (-1.558e+09, 1.558e+09) 
       p2 =   3.424e+04  (-4.531e+08, 4.532e+08) 
       p3 =       496.4  (-6.568e+06, 6.569e+06) 
       q1 =   2.088e+05  (-2.762e+09, 2.763e+09) 
       q2 =        5480  (-7.254e+07, 7.256e+07) 
       q3 =        5328  (-7.05e+07, 7.051e+07) 
 
gof =  
 
           sse: 0.0012 
       rsquare: 0.9875 
           dfe: 27 
    adjrsquare: 0.9852 
          rmse: 0.0066 
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HR24V =  
 
     General model Rat13: 
     HR24V(x) = (p1*x + p2) / (x^3 + q1*x^2 + q2*x + q3) 
     Coefficients (with 95% confidence bounds): 
       p1 =       815.1  (-7.656e+05, 7.672e+05) 
       p2 =      -9.455  (-8898, 8879) 
       q1 =       320.8  (-3.018e+05, 3.024e+05) 
       q2 =       968.2  (-9.092e+05, 9.111e+05) 
       q3 =     -0.5631  (-527.5, 526.4) 
 
gof =  
 
           sse: 8.3189e-04 
       rsquare: 0.9792 
           dfe: 28 
    adjrsquare: 0.9762 
          rmse: 0.0055 
 
 
HR12V =  
 
     General model Rat34: 
     HR12(x) = (p1*x^3 + p2*x^2 + p3*x + p4) / 
               (x^4 + q1*x^3 + q2*x^2 + q3*x + q4) 
     Coefficients (with 95% confidence bounds): 
       p1 =       16.37  (6.412, 26.33) 
       p2 =      -1.592  (-2.676, -0.5069) 
       p3 =      0.1794  (0.04616, 0.3125) 
       p4 =  -0.0003194  (-0.0009721, 0.0003333) 
       q1 =       23.26  (7.915, 38.61) 
       q2 =      -2.779  (-4.2, -1.357) 
       q3 =      0.2871  (0.05241, 0.5218) 
       q4 =   0.0005154  (-0.0015, 0.002531) 
 
gof =  
 
           sse: 5.9092e-05 
       rsquare: 0.9944 
           dfe: 16 
    adjrsquare: 0.9920 
          rmse: 0.0019 
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HR6V =  
 
     General model Rat34: 
     HR6V(x) = (p1*x^3 + p2*x^2 + p3*x + p4) / 
               (x^4 + q1*x^3 + q2*x^2 + q3*x + q4) 
     Coefficients (with 95% confidence bounds): 
       p1 =       5.929  (2.539, 9.32) 
       p2 =      -1.494  (-2.063, -0.9254) 
       p3 =      0.1335  (0.03873, 0.2283) 
       p4 =   0.0001419  (-0.001646, 0.00193) 
       q1 =       7.236  (2.082, 12.39) 
       q2 =       -1.75  (-2.612, -0.8884) 
       q3 =      0.1293  (0.03825, 0.2204) 
       q4 =    0.003446  (-0.003213, 0.0101) 
 
gof =  
 
           sse: 8.2101e-04 
       rsquare: 0.9624 
           dfe: 30 
    adjrsquare: 0.9536 
          rmse: 0.0052 
 
HR3V =  
 
     General model Rat35: 
     HR3V(x) = (p1*x^3 + p2*x^2 + p3*x + p4) / 
               (x^5 + q1*x^4 + q2*x^3 + q3*x^2 + q4*x + q5) 
     Coefficients (with 95% confidence bounds): 
       p1 =        1809  (-1.468e+05, 1.505e+05) 
       p2 =      -541.2  (-4.51e+04, 4.402e+04) 
       p3 =       62.09  (-5048, 5172) 
       p4 =      -1.566  (-130.3, 127.2) 
       q1 =       210.5  (-1.736e+04, 1.778e+04) 
       q2 =        2374  (-1.923e+05, 1.971e+05) 
       q3 =        -724  (-6.022e+04, 5.877e+04) 
       q4 =       78.72  (-6386, 6543) 
       q5 =      -1.414  (-117.2, 114.4) 
 
gof =  
 
           sse: 2.4262e-04 
       rsquare: 0.9940 
           dfe: 17 
    adjrsquare: 0.9912 
          rmse: 0.0038 
 
